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Abstract 

We continue our research Nucl.Phys B888, 92 (2014); Int. J. Mod. Phys. A29, 1450159 (2014); Phys. Lett. 

B739, 110 (2014); Int. J. Mod. Phys. A30, 1550021 (2015) and extend the class of finite BRST-antiBRST 
transformations with odd-valued parameters A a , a = 1,2, introduced in these works. In doing so, we evaluate 
the Jacobians induced by finite BRST-antiBRST transformations linear in functionally-dependent parameters, 
as well as those induced by finite BRST-antiBRST transformations with arbitrary functional parameters. The 
calculations cover the cases of gauge theories with a closed algebra, dynamical systems with first-class constraints, 
and general gauge theories. The resulting Jacobians in the case of linearized transformations are different from 
those in the case of polynomial dependence on the parameters. Finite BRST-antiBRST transformations with 
arbitrary parameters induce an extra contribution to the quantum action, which cannot be absorbed into a change 
of the gauge. These transformations include an extended case of functionally-dependent parameters that implies 
a modified compensation equation, which admits non-trivial solutions leading to a Jacobian equal to unity. Finite 
BRST-antiBRST transformations with functionally-dependent parameters are applied to the Standard Model, and 
an explicit form of functionally-dependent parameters A a is obtained, providing the equivalence of path integrals 
in any 3-parameter Rj-like gauges. The Gribov-Zwanziger theory is extended to the case of the Standard Model, 
and a form of the Gribov horizon functional is suggested in the Landau gauge, as well as in Rj-like gauges, in 
a gauge-independent way using field-dependent BRST-antiBRST transformations, and in Rj-like gauges using 
transverse-like non-Abelian gauge fields. 

Keywords: Yang-Mills theory, general gauge theory, BRST-antiBRST quantization, constrained dynamical systems, 
field-dependent BRST-antiBRST transformations, Standard Model, Gribov ambiguity 

1 Introduction 

Recently, in the articles in ei la we have proposed an extension of BRST-antiBRST transformations mmmm 
to the case of finite (both global and field-dependent) parameters for Yang-Mills and general gauge theories in the 
framework of the generalized Hamiltonian ia udi - see also m - and Lagrangian [12, T3J [14] BRST-antiBRST 
quantization schemes. The idea of “finiteness” incorporates into finite transformations a new term being quadratic 
in the transformation parameters A a , thereby lifting BRST-antiBRST transformations from the algebraic level to the 
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group level, which has been discussed also in mm- BRST transformations nzniHi ns] in both the Lagrangian 
[201 El] and generalized Hamiltonian paisa [ 23 ] quantization schemes - described by a single odd-valued parameter 
p, and trivially lifted from the algebraic form S(f> A = cj) AA F p to the finite (group) form A<fi A = <f A [l — exp(V/u)], 
with V 2 = 0, in view of the nilpotency property /i 2 = 0 - have first been suggested in Yang-Mills theories for field- 
dependent parameters in [2H [25]; see also [261, 27 . The introduction of such transformations is based on a functional 
equation for the infinitesimal parameter, providing the invariance of the integrand of the vacuum functional (in the 
path integral representation based on the Faddeev-Popov rules [25]) under a change of variables <p A —t (j> ,A (</>;^(</>)) 
which preserves the quantum action in gauges described by different gauge Fermions and (if + A'f/') (</>), related by 
the given change. The problem of finding a relation between the different forms of the Faddeev-Popov quantum action 
in different gauges, expressed by an exact solution p = p(4>' 1 Aif) to a functional equation for a finite field-dependent 
odd-valued parameter (which ensures the preservation of the integrand) has been solved for the Yang-Mills theory in 
the article [29] . The respective problem for constrained dynamical systems has been solved in m, and for general 
gauge theories, in mu [ 32 ], on the basis of finding the Jacobian of a change of variables induced by the respective 
field-dependent BRST transformations. 

As we return to the approach of mum] a - reviewed and extended in |53J [23] - we notice, in the first place, 
that it allows one to realize the complete BRST-antiBRST invariance of the integrand in the vacuum functional. 
The functionally-dependent parameters A a = s a A, induced by an even-valued functional A and by an Sp(2)-doublet 
of BRST-antiBRST generators s a , provide an explicit correspondence (due to the compensation equation for the 
corresponding Jacobian) between a choice of A and a transition from the vacuum functional of a given theory in a 
certain gauge induced by a gauge Boson Fq to the same theory in a different gauge induced by another gauge Boson F. 
This becomes a key instrument of a BRST-antiBRST approach that allows one to consistently examine the notion of 
“soft BRST-antiBRST symmetry breaking” [3], extending the concept of “soft BRST symmetry breaking” 'Hn. 2Ti. 5? 
in the framework of Lagrangian BRST quantization [21j , which implies an extension of the quantum action given by 
the Lagrangian BRST-antiBRST recipe mmm by a BRST-antiBRST non-invariant term, which is then employed 
in the concept of effective average action in the functional renormalization group approach ms mass os] in mm, 
as well as the interacting Fermi systems [35] and in the elimination of residual gauge invariance in the deep IR region, 
known as Gribov copies [44]. Finite field-dependent BRST and BRST-antiBRST transformations, respectively, in 
soft BRST and BRST-antiBRST symmetry breaking allow one to solve the consistency problem for the Lagrangian 
quantization methods from the viewpoint of gauge-independence for the conventional S-matrix in non-Abelian gauge 
theories, namely, in determining a BRST(-antiBRST) non-invariant addition to the corresponding quantum action - 
known as the Gribov horizon functional [44j which is initially given by the Landau gauge in the Gribov-Zwanziger 
theory [45, 46] - by using any other gauge, including the one-parameter gauges in the BRST [31, 23 S3 and 
BRST-antiBRST p] settings. 

In the case of finite BRST-antiBRST transformations, the functionally-dependent parameters X a chosen as solutions 
to the compensation equation, relating the Jacobian to a finite change of the gauge condition, turn out to establish a 
coincidence of vacuum functionals also in first-class constraint dynamical systems in different gauges. This has been 
shown explicitly in the case of Yang-Mills theories, thereby providing the unitarity of the conventional S-matrix in 
Lagrangian formalism within different gauges [2]. At the same time, we have examined [3] the Freedman-Townsend 
model [49], being the case of a first-stage reducible gauge theory (of a non-Abelian antisymmetric tensor Held), in 
the path integral representation, starting from a reference frame with a certain gauge Boson Fq, and reaching the 
same integrand, by using finite field-dependent BRST-antiBRST transformations, in a different reference frame with 
another gauge Boson F, depending on 3 gauge parameters. 

It should be noted that we have so far examined the finite field-dependent BRST-antiBRST transformations with 
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functionally-dependent parameters of the form A a = s a A. However, in the conclusions of mm we have announced 
that an interesting problem, left outside the scope of mm, is the evaluation of Jacobians for finite field-dependent 
BRST-antiBRST transformations with a functionally-independent Sp(2)-doublet of arbitrary odd-valued parameters 
A a , i.e., not being induced by any even-valued functional A, A Q ^ s a A. Such Jacobians have not been found explicitly 
in m [16] by using solutions of the equations involved. Another interesting task is the evaluation of Jacobians of 
linearized transformations, i.e., those without the term being quadratic in the parameters A a . It then appears to be 
important to apply the results involving the study of finite BRST(-antiBRST) field-dependent transformations to the 
realistic physical model being an example of the Yang-Mills theory interacting with scalar and spinor matter fields 
and known as the Standard Model [ -3H ;5L - see also [531 Ell EH ES - which describes the known spectrum of the 
elementary particles corresponding to the three fundamental interactions: electromagnetic, weak and strong, whose 
cornerstone, the Higgs Boson [53 ESI ESI EDI, has been discovered EHE2] at the LHC in July 2012, with the present 
estimation 63j of its mass being mn = (125, 09 ± 0, 24)GeV. 

Based on the above reasons, we examine the following problems related to gauge theories in the Lagrangian and 
generalized Hamiltonian descriptions: 

1. evaluation of the Jacobian for a change of variables in the vacuum functional corresponding to linearized finite 
field-dependent BRST-antiBRST transformations in Yang-Mills theories and first-class constraint dynamical 
systems; 

2. evaluation of the Jacobian for a change of variables in the vacuum functional corresponding to finite field- 
dependent BRST-antiBRST transformations with arbitrary functional parameters, X a (<f), s 2 X a {4>) ^ 0, in Yang- 
Mills theories, first-class constraint dynamical systems, and general gauge theories, and investigation of its 
influence on the structure of the quantum action; 

3. construction of the parameters A a of finite field-dependent BRST-antiBRST transformations in the Lagrangian 
action of the Standard Model, which generates a change of the gauge in the path integral within a class of linear 
3-parameter i?.^-like gauges, realized in terms of an even-valued gauge functionals F$, with (£i, fa, 6s) = 0,1? 
corresponding to the Landau and Feynman (covariant) gauges, respectively; 

4. construction of the Gribov-Zwanziger theory for the BRST-antiBRST Lagrangian formulation of the Standard 
Model, including the horizon functional h £ in arbitrary J?£-like gauges by means of finite field-dependent BRST- 
antiBRST transformations, starting from the BRST-antiBRST non-invariant functional ho given in the Landau 
gauge and realized in terms of the even-valued functional Fq. 

5. construction of an horizon functional h^ for the Standard Model in the Gribov-Zwanziger theory with arbitrary 
J?£-like gauges by means of a Hermitian extension of the corresponding Faddeev-Popov operator (or, equivalently, 
in terms of transverse-like components of non-Abelian gauge fields), following the recipe of [BJ for a Yang-Mills 
theory with an SU ( N ) gauge group. 

The work is organized as follows. In Section [2j we give an overview of the ingredients of finite field-dependent 
BRST-antiBRST transformations [U [2) ;3l |4| in theories with a closed gauge algebra, as well as in first-class constraint 
dynamical systems and general gauge theories. In Section [3l we consider an evaluation of the Jacobian for a change 
of variables in the vacuum functional given by finite field-dependent BRST-antiBRST transformations being linear 
in functionally-dependent parameters A a = s a A for Yang-Mills theories and first-class constraint dynamical systems 
in generalized Hamiltonian formalism. In Section [4[ we consider an evaluation of the Jacobian for a change of 
variables in the vacuum functional given by finite field-dependent BRST-antiBRST transformations with arbitrary 
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parameters A a . In Section [2 we consider an application of finite BRST-antiBRST transformations to the Standard 
Model. In Appendices lAl and iBl we examine the respective details of calculations for linearized finite BRST-antiBRST 
transformations with functionally-dependent parameters, as well as for finite BRST-antiBRST transformations with 
arbitrary parameters. In Discussion, we suggest another form of the Gribov horizon functional in the covariant gauge 
and make concluding remarks. As a rule, we use the conventions of our previous works [21213113 and the generally 
accepted definition [65; of functional integrals for quasi-Gaussian functionals, which is well justified in perturbation 
theory, see, e.g., [BB]. Notice that Sections [20 do not need to use the operation of functional integration in itself, but 
only the definition of a functional Jacobian. Unless otherwise specified, derivatives with respect to the fields are taken 
from the right, and those with respect to the corresponding sources and antifields are taken from the left. Left-handed 
derivatives with respect to the fields are labelled by the subscript “Z”, whereas right-handed derivatives with respect to 
the antifields are labelled by the subscript “r”. Derivatives with respect to the phase-space variables and the variables 
of the triplectic manifold are understood as taken from the right. Depending on the convenience, we use two forms of 
notation for the BRST-antiBRST generators: s a and V 0 , which are related by s a A = A a a , where A is an arbitrary 
functional. The raising and lowering of Sp (2) indices, s a = £ ab Sb, s a = £ a bS b , is carried out with the help of a constant 
antisymmetric tensor £ ab , £ ac £ c b = S£, subject to the normalization condition £ 12 = 1. The Grassmann parity of any 
homogeneous quantity B is denoted by £(B). 


2 Finite BRST-antiBRST Transformations 

In this section, we examine the case of finite BRST-antiBRST transformations realized in different spaces of quantum 
field theory: the configuration space of Yang-Mills theories, the phase space of arbitrary dynamical systems with 
first-class constraints, and the triplectic space of general gauge theories in Lagrangian formalism. 


2.1 Yang—Mills Theories in Lagrangian Formalism 

The generating functional of Green’s functions corresponding to irreducible gauge theories with a closed algebra in 
BRST-antiBRST Lagrangian quantization nans! is given by 

= j ex P 

Here, h is the Planck constant, whereas the quantum action Sf (0), 

S F (<f>) = So {A) + F A Y A - (1/2) £ ab X Aa F AB X Bb , (2.2) 

the classical action So ( A ), the (admissible) even-valued gauge-fixing functional F (</>), and the function^ X Aa (</>), 
Y A ((j>) are defined in the configuration space A itf, = {4> A } = {A 1 , C aa ,B a }, parameterized by the initial classical fields 
A 1 , i = 1,..., n, the Nakanishi Lautrup fields B a , a = 1,..., m < n, and the ghost-antighost fields C aa , organized in 
Sp (2)-doublets with the identification C aa = ( C al ,C a2 ) = ( C a ,C a ). The Grassmann parity is given by 

e(<j> A ) = s(A\B a ,C aa ) = (£i,£ a ,e a + l) = £ A . (2.3) 



Z(J) = I d(j} exp <j - [S F (</>) + J A <f> A ] 


The classical action So (A) is invariant with respect to the infinitesimal gauge transformations 

SA* = K(A)C =► S 0ii (A)R* a (A) = 0 , 


x By functions we understand those of the space-time coordinates. 


(2.4) 
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with R l a {A) being the generators of the gauge transformations, e(R l a ) = e* + e a , and being arbitrary functions. 
The generators R l a (A) form a closed gauge algebra, with structure constants F2p (A) = const and vanishing quantities 
(A) in the general relations m 

R i oltj {A)R^{A) - (-1 ) e “ e * R?pj(A)R 3 a (A) = -R^F^ (A) - S 0J (A)M « (A) , 

Kp = ~ (- 1 ) e “ £/S F pa . Kp = - (-1 ) Ei£j Kp = - (-1 ) e “ e * Mg,. (2.5) 

In a first-rank gauge theory with a closed algebra, the functions X Aa Y A (cf>) in (12.21) are given by [12| 


-^Aa X° LCL 

\ria _ T~>i /^iota 

A 1 — > 

Xg ab = -e ab B a - i (-l) e/3 F$^<r> h C p ' 
Y 2 a = 0 , 


F^ = (I7,y 2 “,y 3 ““) , (2.6) 

x? a = ~F° fi B^Cry° - ± (~K ( 2 FfpjRj, + F« a F$ p ) C» b C^C^e cb , 
Yi = R a B a + 1 (~ 1 ) £ “ R? atj R?pCP b C aa e ab , 

F 3 “ a = -2Y“ a (2.7) 


and in Yang-Mills theories they assume the following representation: 




-y-fim _ j^n _j_ _ jrnnl ^jla j-^^ink ^jkb 


j^ma _ _ j?mnl ^jna _ ^ jmnl jlrs^jsb^jra^jnc^ ^ ym _ q 

j^mab g.ab J^m j^mnl ^jlb^jna 


( 2 . 8 ) 


-y-ma _ jmnl-^l^jna _|_ _ j?mnl jlrs^jsb^jra^jnc^. ^ 


corresponding to the generators i?), and structure functions Fj„, 


i?™"(x; y) = D™{x)5{x - y ), D™ = + / mill A‘ , = /^(z - *)% - z ), (2.9) 


written down in terms of a covariant derivative D™ n and completely antisymmetric structure constants f lmn related 
to a compact subalgebra of an su(N) Lie algebra. 

The quantum action Sf, the integration measure d<j), and thereby also the integrand , are invariant under 
BRST-antiBRST transformations, which are infinitesimal transformations with an Sp (2)-doublet of constant odd¬ 
valued parameters /r a , 

5<t> A = (. s a <j > A ) /i a , s a <f> A = , ( 2 . 10 ) 

where s a are the generators of BRST-antiBRST transformations. Starting from this point, the invariance of the 
integrand I^ in the case of finite constant values of the corresponding anticommuting parameters A a is achieved by 
solving the equation G(<p+ A<f>) = G(<p) for an arbitrary regular functional G(cf>) subject to BRST-antiBRST invariance, 
s a G = 0. This solution has the form of a finite (polynomial in A a ) BRST-antiBRST transformation [I] 

Acfr A = ^ + X Aa X a - ^Y a A 2 = (s a 0 A ) A a + J (s V) A 2 (2.11) 

and implies that a finite variation A<j) A includes the generators of BRST-antiBRST transformations (s^s 2 ), as well 
as their commutator s 2 = £ ab s b s a = s 1 s 2 — s 2 s 1 , being the generator of mixed BRST-antiBRST transformations. 
Equivalently, (12.111) can be represented as a group transformation in the configuration space 


iiA 


1 + *s a A a + 


-t— 2 \2 


A = 4> A exp (V°A a ) , s a 4> A = 




V 2 ee V a V a = s 2 = s a s a 


( 2 . 12 ) 
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where the set of elements {g(A)} = {exp(V a A a )} forms an Abelian two-parameter supergroup with odd-valued 
generating elements A a - This circumstance can also be justified by the Frobenius theorem, which deals with an imple¬ 
mentation of anticommuting generators ts~ a in terms of vector fields V a (r) = jpf(F p V°) in a certain configuration 
space Mr. The BRST-antiBRST invariance of I F implies the relation 

X *9W =I *- ^ 


which can be established by the fact [I] that the global finite transformations (corresponding to A a = const) respect 
the integration measure: 

Sdet = 1 dp' = dtp . (2-14) 

For finite field-dependent transformations, it has been established [IT] that in the particular case of functionally- 
dependent parameters A a = AV a , s 1 Ai + s 2 A2 = —s 2 A, with a certain even-valued potential, A = A (p), whose 
introduction has been inspired by infinitesimal field-dependent BRST-antiBRST transformations induced by the pa¬ 
rameters p2] 

Va = ^:e ab (A F) a X Ab = ± (s a AF) , (2.15) 

the vacuum functional Zp(0) is gauge-independent: Zf+af(0) = Zp(0). Namely, in the case of finite field-dependent 
transformations with group-like elements g(A i s~ a ) whose set forms a nonlinear non-Abelian group-like structure^ the 
superdeterminant of a change of variables is given by 


Sdet 


S((j>g{A^s a ) 


5<p 


dtp 1 = dtp exp 


= exp [3 ((/)] , where 3 (p) = —21n 

1 






= dtp exp • 


h 


ih In ( 1 — -s 2 A 


(2.16) 

(2.17) 


The invariance of the quantum action Sp ( (p ) with respect to (12.111) implies that the change <p A —> <p ,A = p A g(\(p)) 
induces in ED the following transformation of the integrand I F : 

x lg{\(4>)) = d P ex P P (0)1 ex P s f (P (pA (/>)))] = dtp exp {(i/h) [S F (p) - iKS (p)}} , (2.18) 


whence 


■IffAW ’)) =d P ex P {(*/^) S F (<p)+ih ln(l-AV 2 /2) 2 ]} 


(2.19) 


Next, due to the explicit form of the initial quantum action Sf = So — (1/2) FV 2 , the BRST-antiBRST-exact 
contribution ih hi (1 + s a s a A/2) 2 to the quantum action Sf can be interpreted as a change of the gauge-fixing functional 
made in the original integrand I F , 


ih In (1 + s“s q A/2) 2 = s a s a (AF/2) 

=> = dP exp {(i/h) [5 0 + (1/2) S Q s a (F + AF)}} = 1 F+AF , 


( 2 . 20 ) 

( 2 . 21 ) 


with a certain AF (</>| A), whose correspondence to A (<p) is established by the relation (12.2011 . which is also known as 
the compensation equation for an unknown parameter A(p) and which thereby provides the gauge-independence of 

2 For BRST-antiBRST-closed (in particular, BRST-antiBRST-exact) functional parameters A a (tp) = A a ( 0 )Tr 2 with odd-valued func¬ 
tionals A a (4>), the subset g(A a A 2 ') forms an Abelian subgroup in r/(A A a ) and thereby in g(A a (o)). Indeed, the choice A = 2s a A a , in view 
of A(,(0)V“ = 0 provided by V a V i ’V c = 0, implies that g(A{ 1s“ 2 )g(A 2 V 2 ) = g(A 2 hr 2 )g(A{ V 2 ) and g(A{ < s~ 2 )g(— A*V 2 ) = 1, for any 
odd-valued functionals A l a , i = 1, 2, with the unit element “1”. 
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the vacuum functional, Z p(0) = Z F+ a_f( 0). An explicit solution of (12.201) . satisfying the solvability condition due to 
the BRST-antiBRST-exactness of both sides (up to BRST-antiBRST-exact terms), is given by 


A(0|AF) =2AF(s Q s a AF) 


-l 


exp 


-i-s b s b AF ) - 1 


1 


= — AfV 


i 


2 ih ^ (n+1)! \4 ih 

n—0 v ' x 


s a s a AF 


. Aih ' J 

Conversely, having considered the equation (12.201) for an unknown A F with a given A, we obtain 

AF (0) = Aih A (0) (s Q s a A (<? t i))” 1 In (1 + s a s a A (0) /2) , 
and therefore a field-dependent transformation with the parameters X a = s a A, 

1 


1 1 


71—0 


(n +1)1 \4*/i 


-AfV 2 


( 2 . 22 ) 


(2.23) 


(2.24) 


amounts to a precise change of the gauge-fixing functional. 

In view of (12.221) , the property (12.211) implies a so-called modified Ward identity [4] , depending on field-dependent 
parameters A a = AV a and thereby also on a finite change of the gauge: 


1 + T'At 
n 


X Aa X a (A) - ir A A 2 (A) 


- J Q] 2 e af ,J J 4A^J B A Sh A 2 (A)| fl - ^AV 2 ' " 2 


= 1 . 


(2.25) 


F,J 


The property (12.211) also provides a relation which describes the gauge-dependence of Z F (J) for a finite change 
F-s> F + AF: 


Zf+af(J) — Z F (J) = Z F (J) ( -Ja 


X Aa X a (0| - AF) - ±Y a A 2 (0| - AF) 


- (-1) £B ( ^J JbJa (X Aa X Bb ) e ab X 2 (0| - AF) 


\ 


(2.26) 


F,J 


In (12.251) . (12.261) . the symbol tt (A) F> j” for a certain functional A(<j>) denotes a source-dependent average expectation 
value corresponding to a gauge-fixing functional F(0): 


M>f,j = ^(J) / # ^ W exp - [5 F (0) + Ju0 A ] , (l) FiJ = 1 • 


(2.27) 


In the case of constant A a , the relation (12.251) implies an Sp(2)-doublet of the usual Ward identities (at the first order 
in X a ) and a derivative identity (at the second order in A a ), namely, 

J A {X Aa ) pj = 0 , (J A [2Y a + (i/h) e ab X Aa J B X Bb ] ) pj = 0 . (2.28) 

Below, we intend to study the case of finite field-dependent BRST-antiBRST transformations for Yang-Mills theories 
in Lagrangian formalism with arbitrary functional parameters, generally assumed to be functionally-independent, 
A a s a A. It is also intended to study the case of finite field-dependent BRST-antiBRST transformations being linear 
in functionally-dependent parameters of the form X a = s a A. 


2.2 Dynamical Systems in Generalized Hamiltonian Formalism 

The generating functional of Green’s functions for dynamical systems with first-class constraints has the form mm 


Z® (J) = I dT exp ( — dt 


-rP(t)u; M H(t) - H*(t) + J(t)T(t) 


= / F® exp< — / dtI(t)T(t) 


(2.29) 
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and determines the vacuum functional Z$, = Z§ (0) at the vanishing external sources I p (t) to the phase-space variables 
r p (t). In (12.2911 . integration over time is taken over the range t- m < t < tout', the functions of time T p (f) = Tf 
for U n < t < tout are trajectories, T p (t) = dT p (t)/dt; the quantities u> pq = (—l)^ ep+1 ^ e,1+1 ^ujq P compose an even 
supermatrix inverse to that with the elements ui pq ; the unitarizing Hamiltonian H$(t) = H$(T(t)) is determined by 
four f-local functions: an even-valued function 7i{t), with gh(7f) = 0, an Sp(2)-doublet of odd-valued functions fl a (f), 
with gh(H°) = —(—l) a , and an even-valued function $(f), with gh(d>) = 0, known as the gauge-fixing Boson, 

H*{t) = U(t) + ±s ab {{$(*), , n\t)} t , 

where the functions 'H, are defined in the phase space Mr parameterized by the canonical coordinates T p = (ij, r g h), 
e(r p ) = e(I p ) = e p , and obey the following generating equations in terms of the Poisson superbracket, {r p ,T 9 } = 
oj pq = const, related to the even supermatrix w pq , with u pq = —(—1 ) Ep£5 u®: 

{n Q (f),n b (f)} t = o , {n{t)^ b (t)} t = o, ( 2 . 30 ) 

with account taken of the rule {A(t), B(t)} t = {A(P),H(r)} |r=r(t) for any A,B. The functions H, H a are subject to 
the boundary conditions 

= SlT a ( 77 ) , (2.31) 

Tgli—0 

where the classical Hamiltonian H$ = H 0 {rf) and the set of first-class constraints T a = T a {ri), e(T a ) = e a , of a given 
dynamical system depend on the classical phase-space variables r], with the involution relations 

{H 0 ,T a } = T y V2 , {T a ,Tp} = T y UZp, where W ap = . (2.32) 

In (12.311) . the variables r g h contain the entire set of auxiliary variables that correspond to the towers [22] of ghost- 
antighost coordinates C and Lagrangian multipliers 7r, as well as their respective conjugate momenta V and A, whose 
structure depends on the reducibility or irreducibility of a given dynamical system and is arranged into Sp(2)-symmetric 
tensors mm- 

In virtue of the generating equations (12.301) . the integrand with vanishing sources Z® in (12.291) is invariant under 
the infinitesimal BRST-antiBRST transformations [9] 

r p f p = r p + ( s °r p ) n a , ( 2 . 33 ) 

which are realized on phase-space trajectories r p (f), 

T p (t) ->■ t p (t) = r p (t) + (r p (f), n»(t)} t ^ = r p (t) + ( s °r p ) (t) , ( 2 . 34 ) 

where /j, a form an Sp(2)-doublet of infinitesimal anticommuting constant parameters, and the generators s a of BRST- 
antiBRST transformations, s a = {•, f2 a }, are anticommuting, nilpotent, and obey the Leibnitz rule when acting on 
the product and the Poisson superbracket: 

s a s b +s b s a = 0 , s a s b s c = 0 , s a ( AB ) = (sfo4) B (-1) £B +H ( s a B) , s a {A, B} = {sfo4, B} (-1) £B +{A , s a B} . (2.35) 

The first three relations for s a are also valid in the case of Lagrangian BRST-antiBRST transformations in Yang-Mills 
theories. Once again, the achievement of BRST-antiBRST invariance of Z* in (12.291) with finite constant values of the 
parameters (now denoted by A 0 ) leads to finite transformations [2] of the canonical variables 

r p _► f p = r p + at p , where Ar p = ( s °r p ) A a + i (s 2 r p ) a 2 , 


n \ rgh = 0 = H 0 (r,) 


sn a 


5C ab 


(2.36) 














with the same interpretation of both the terms in Ar p as in the comments that follow the relation (12.111) of Subsec¬ 
tion o In particular, the transformations (12.361) may be represented as group transformations, defined this time in 
the phase space Air and realized on the canonical coordinates: 

T p f p = r p + V a A a + V 2 A 2 ^) = r p exp (V a A a) , (2.37) 

where the operators V a obey the same notation (12.121) that takes place for their Lagrangian counterparts. The set of 
elements (g(A)} = {exp (V a A a )} forms an Abelian two-parameter supergroup with odd-valued generating elements A a , 
acting this time in Air, instead of the configuration space JA. The transformations (12.361) are realized on phase-space 
trajectories T p (f) as follows: 

t p (i) = r p ( t ) exp (V a A a ) <*=► A T p (t) = T p (t) [exp (V a A a ) - 1] = (s a T p ) (t) X a + ± (s 2 T p ) (t) A 2 . (2.38) 

The BRST-antiBRST invariance of Ip implies the relation 


L r ff (A) 


= I[ 


r > 


(2.39) 


in view of the fact that, due to Liuville’s theorem, the measure dT in (I2.29|) is right-invariant with respect to the action 
of the Abelian supergroup, which plays the role of finite canonical transformations, dT = dT, and the fact that the 
Hamiltonian action Sh(T) = J dt ^T p (t)uj pq t q (t) — H$(t) is also invariant, Sh(T) = Sh(T). 

The finite field-dependent transformations (12.381) with parameters A a = A a (T) having no dependence on t and T p as 
functions, (dX a )/(dt) = (dX a )/{dT p ) = 0, make it possible [2j to establish the gauge-independence of the the vacuum 
functional, Z$ + a$( 0) = Z$(0), in the particular case of functionally-dependent parameters, A a (T) = f dt (s a A (t)) = 
£ab J dt {A (t) , f l b (t)} t with a certain even-valued potential function A(t) = A (T(t)), which is inspired by infinitesimal 
field-dependent BRST-antiBRST transformations with the parameters [9] 


Ma = e a b / dt {A$, fl b } t = 2L dt (s a A<T) ( t) 


(2.40) 


The gauge-independence of the vacuum functional (0) implies the gauge-independence of the S'-matrix, due to the 
equivalence theorem [63- 

In the case of finite field-dependent transformations with group-like elements g(Atf a ), A(T) = J dtA(t), whose set 
forms a nonlinear non-Abelian group-like structure^ the superdeterminant of a change of variables reads 


Sdet 


<- 


(T(t')g(A^ 


ST(t") 


= exp [3 (T)], where 


3 (T) = —2In 


l-- 2 dt (a 2 A) ( 


dt = dT exp 


(—if£s) 


= dT exp 


ihln(^l-^£ab J dt{{A,n a } t ,n b } t ^ 


(2.41) 


(2.42) 


with account taken of (s 2 A) t = e a b {{A, Tl a } t , fl b } ( . In view of the invariance of the quantum action Sh (r) with 
respect to (12.381) . the change T p (t) —> T p (t) = [T p g(A(T))](f) leads to the following transformation of the integrand Ip 
in (12.291) : 


Z? fl ( A( r)) = dT exp [3 (T)] exp [(i/h) Sh (T (gX (T)))] = dT exp {(i/h) [S H (T) - it£S (T)]} , (2.43) 


and thereby implies 


'T<$> 

x r 9 (A(r)) 


dT exp 


(i/h) 


Sh (T) + ih In (l 



(2.44) 


3 For BRST-antiBRST-closed (in particular, BRST-antiBRST-exact) parameters A a (r) = A a ^i~ 2 with A a = f dt A a (r(£), £), the subset 
g(A a ^i~ 2 ) forms an Abelian subgroup in g(Ats” a ), and thereby in g(X a (T)); for details, see Footnote [2] 
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Because of the fact that the Jacobian-induced contribution ihln ^1 — AV 2 /2^j to the action Sh { r) is a BRST- 
antiBRST-exact term, it can be compensated by another BRST-antiBRST-exact addition to Sh (r) related to a 
change of the gauge-fixing function, $(f) —> ($ + A<f>)(f), made in the original integrand Ip , 


ih In ( 1 - iXV 2 


' ^-r g (A(r)) — dT exp 


sH 

ShAT) - \ (as) 


*\s~ 2 , where A$ = J dtA$(t) , 

1 


V 2 


— T 


4>+A<£ 


(2.45) 

(2.46) 


The relation of A$(T(i)|A) to the field-dependent parameter A(T(t)) is established by (12.451) . also known as the 
compensation relation for an unknown parameter A(T(f)), which provides the gauge-independence of the vacuum 
functional, Z$(0) = Z$ + a$( 0). An explicit solution of (I2.45|l . satisfying the solvability condition, due to the BRST- 
antiBRST exactness (up to BRST-antiBRST-exact terms) of both of its sides, is given by 


A(T(t)|A<f>) = 2A$(f) (a$V 2 ) 


-l 


1 — exp 


4 ih 


A$V 2 


oo 


n —0 


(n + 1)! \4 ih 


-A$V 2 


Conversely, having considered the equation (12.451) for an unknown A$(f) with a given A (t), we obtain 

A$ (T(t)) = -2 ih A (T(t)) (X (T) V 2 ) 1 In (l - A (T) V 2 /2 
Therefore, the field-dependent transformations with the parameters A a (T) = AV 0 , 

A “ = “2S ( A$V “) £ ( js 4 ® 

n—0 x 7 v 


(2.47) 


(2.48) 


A V 2 


amount to a precise change of the gauge-fixing function. 

In virtue of (12.481) . the property (12.461) leads to a so-called modified Ward identity |2] in generalized Hamiltonian 
formalism, depending on field-dependent parameters, A a (T|A$) = f dtA^s~ a , and thereby also on a finite change of 
the gauge: 


1 + jJ dtI p {t)T p (t) (Va q (A) + iV 2 A 2 (A)) - ^ 2 J dt dt' J p (t)rP(t)V%(I)r 9 (t , )^aA 2 (A)| 

dtA(t) 


XO-J 


V 1 - 2 


= 1. 


(2.49) 




where the symbol “(A)$j" for any quantity A = -4(T) denotes a source-dependent average expectation value corre¬ 
sponding to a gauge c f>(r), namely, 


(A)„ I = Z-\I) / dr „4(r) exp 


ShAF)+ / dtI(t)T(t) 


> (!)•*>,I ~ ‘ 


(2.50) 


The oroDertv (12.461) inmlies a relation which describes the gauge-deDendence of the generating functional Z * (I), 

1 


^$+a$(7) — z$(i) < l + 


- 1 m 


dt I p (t) 


0 s a r p (t))\ a (r| - a$) + A( s 2 r p ( i) )A 2 (r( _ A$) 


dt dt7 9 (t , )4(i)(s a rp(t))(s Q r«(t , ))A 2 (r| - a$) 


(2.51) 


and extends the result (|2.44[) to non-vanishing external sources I p (t). 
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For constant parameters, A a = const, the identity (12.491) implies two independent usual Ward identities at the first 
degree in powers of A a , as well as a new (derivative) Ward identity at the second degree in powers of A a , 


dt 


Ip{t)^ p (t)s 


4—a 



dtI p {t)T p {t) 


V 2 



dt' i q (t') (r q (t')^ a ) 



(2.52) 


Below, we intend to study the more general case of finite field-dependent BRST-antiBRST transformations in Hamil¬ 
tonian formalism with arbitrary functional parameters, generally assumed to be functionally-independent, A a ^ 
f dtA^s a . It is also intended to study the case of finite field-dependent BRST-antiBRST transformations being 
linear in functionally-dependent parameters of the form A a (T) = J dt s a A (T(t)). 


2.3 General Gauge Theories in Lagrangian Formalism 

The generating functional of Green’s functions Z F (J), depending on external sources Ja , e(Ja) = £a, 

Z F {J ) = J dr exp { (i/h) [S F (0 + J a c/) A ] } , S F = S + <j>* Aa ^ Aa + (0A ~ Fa) X A - (1/2) e ab ir Aa F AB Tr Bb , (2.53) 

and the corresponding vacuum functional Z F = Z F ( 0) are defined on the triplectic . 68] manifol<H Air locally param¬ 
eterized by the coordinates 

V p = (<t) A ,<f>* Aa ,<j)A,Tr Aa ,\ A ) , (2.54) 

where (f> A are the fields of the total configuration space of the BV formalism m, which is larger in reducible gauge 
theories, being more general than the theories examined in Section [2.II and is organized into Sp(2)-symmetric tensors, 
according to the rules of Sp(2)-covariant Lagrangian quantization 112, 13.. The manifold Air also contains the triplets 
of antifields (j>* Aa , A and auxiliary fields n Aa , A" 4 , with the following distribution of Grassmann parity: 

<j>* Aa , <j> A , 7r Aa , A a ) = (e A , e A + 1 , £a, sa + 1 , £a) ■ 


The functional Z F (J) is determined by an even-valued functional S = S(cf>, </>*, <f>) and by an even-valued gauge-fixing 
functional F = F (</>), where S is subject to the generating equations 


-(S', S) a + V a S = ihA a S 


Aa+ H exp u s)=o ’ 


(2.55) 


with the classical action So (A) being the boundary condition for S in the case of vanishing antifields, </*=</ = 0. 
The extended antibracket (•,•)“ and the operators A a , V a are given by 


S» S» S r » 6i» 

WsK~*KW 


A a 


(-1 ) £ " 


Si S 
W A S<fi*Aa ’ 



(2.56) 


The classical action is invariant under the infinitesimal gauge transformations m with the generators R l a {A ) satis¬ 
fying the general relations (USD of a gauge algebra. 

The integrand if = dV exp [(i/h)S F (I - )] is invariant under the global infinitesimal BRST-antiBRST transforma¬ 
tions (12.571) , with the corresponding generators s a being different from s a of Subsections 12.1112.21 

(IP = (sT p ) = PV“/z a = (n Aa : S a b S A (-1) £A , e ab r Ab (-1) £A+1 , s ab A a , o) , (2.57) 

where the invariance at the first order in fj, a is established by using the generating equations (12.551) . 

4 Amongst the ingredients of m, we only use differential operations in local coordinates, and therefore our description of triplectic 
geometry reduces to a description of BRST-antiBRST quantization |1211131114| . 
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Despite the fact that the generators s a do not obey, s a s b + s b s a ^ 0, the BRST-antiBRST algebra in the sector 
of the antifields <f>\ a , <f>A, the mentioned infinitesimal invariance is sufficient to determine finite BRST-antiBRST 
transformations , P — > P + AP, with anticommuting parameters A a , a = 1,2, introduced in [lj according to 


q~F _ q~F 

X r+Ai— x r 


Ar p 


V 

dXn 


= py 




X—0 


and Ar'i-|. = ‘-r-V'. 
d\ b d\ a 2 


where s 2 = s a s a = V 2 = V a V a . (2.58) 


The Hnite BRST-antiBRST transformations for the integrand if in a general gauge theory are established, once again, 
by solving the functional equation G(f + AT) = G(f) for any regular functional G(l~) defined in .Mr and subject to 


infinitesimal BRST-antiBRST invariance, G*Y a = 0, which may be considered as the integrability condition for the 
above functional equation. The resulting finite BRST-antiBRST transformations are given by 

1. 


ap = r p 


V“A a + - V 2 


or, equivalently, in a group-like form 


T ,p = P (l + V a A a + ^ 2 A 2 ) = P exp (t a X a ) = Pg(A) , 


(2.59) 


(2.60) 


so that there holds the exact relation 


q~F _ q-F 

x r g (A) - x r > 


(2.61) 


considering that the functional S meets the generating equations (12.551) . To establish the relation (12.611) . we need 
to take into account the change of the integration measure under the global Hnite transformations (corresponding to 
A a = const) and the respective change of the functional 5 f( 0 in (12.531) . according to the rules [3] 


dV = dV Sdet 


j (rg(A)) 


sr 


= dr exp 


-(A“S) A a - ^(A a S)t a X 2 


exp 


- h s Fi n 


=exp 's 


Sf (0 + Sf (r) s a x a + — Sf (r) s 2 a 2 


(2.62) 

(2.63) 


so that, due to the relations 

S F ^ a = -^(S,S) a -V a S, (2.64) 

implied by (12.551) . the finite BRST-antiBRST invariance (12.611) of if does indeed take place. 

The set of elements {g(A)} = {exp(Y~ a A a )}, in contrast to the respective sets of finite BRST-antiBRST transfor¬ 
mations (12.121) . (12.371) in Yang-Mills theories and first-class constraint dynamical systems, does not form a supergroup 
with respect to multiplication, denoted by the symbol being an associative composition law. Indeed, for any 
elements g(A(i)), g(A( 2 )) their composition is given bj@ 


g(A(i)) • g(A (2 )) = g(A ( i) + A (2) ) + dev(A ( i), A (2) ) , 


dev(A(!), A(2)) — — [A(2)bA(!) a — A( 1 ) f ,A( 2 ) a ] 


1 

4 L 


Y 2 Y a X%,X 


(2) A (1 )a 


■ V a V 2 A? 11 A 


(l)A(2)a 


16 


V 2 V 2 a 2 2 ) a 2 d ^ o 


(2.65) 


( 2 . 66 ) 


and therefore contains non-vanishing operator structures, V 2 ^s~ a , Y" a V 2 , Y~ 2 V 2 , which are absent from a group 
element g(A). Notice that the non-vanishing deviation dev(A(i), A( 2 )) of the action of {g(A)} from that of an 

5 In case the parameters , i = 1,2, belong to a vector space with some anticommuting basis elements v a , gh ( i/') = (—l) a+1 , 
namely, A?^ = (a) • v a , with certain c-numbers (a) and no summation over a, it follows that A^A(j) a = however, the 

deviation dev(A(i), A( 2 )) remains non-vanishing, dev(A(!), A( 2 )) — — ^^s~ b ^s~ a \c( 2 ) (&) C(i) (a) — C(i) (6) C( 2 ) (a)] which is readily seen 

in components: dev(A (1) , A (2) ) = (1/2) (V 1- ^ 2 + V 2 V 1 ) [c (1) (1) c (2) (2) - c (1) (2) c (2) (1)] uxv 2 + 0. 
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Abelian two-parameter supergroup is not symmetric with respect to the permutation of the arguments, Ai e-7 A 2 : 
dev(A(i), A( 2 )) 7 ^ dev(A( 2 ), A(i)). This implies that the commutator of any g(A(i)), g(A( 2 )) in the set {g(A)} is non¬ 
vanishing: 

[g(A ( i)), g(A (2) )] = g(A (1) ) • g(A (2) ) - g(A (2} ) ■ g(A (1) ) ^ 0 . 

At the same time, the set {g(A)}, being considered as right-hand transformations realized on regular functionals in 
Mr restricted to G = G(<j>, n, A), G = G(T)| turns into an Abelian supergroup {g(A)} with the elements 

{gPO} = |g(A) e {g(A)}|g(A) = exp(t/ a A a ), tj a = , (2.67) 

where the operators tj a are anticommuting and thereby nilpotent |4], namely, 

t'T <F 

tl a = —-jTT Aa +£ ab —-rj-\ A , tj a tj b + tj b tj a = 0 , V a tj b tj c = 0. ( 2 . 68 ) 

0(p A ott m 

Indeed, due to the nilpotency of tl a , it follows that 


g(A(i)) ■ g(A (2) ) = g(A ( i) + A( 2 )) + dev(A ( i), A( 2 )) , (2.69) 

dev(A(i),A( 2 )) = --tj b tf a [A( 2 )fcA( 1 ) Q — A(i) b A( 2 ) 0 ] = 0 , (2.70) 


since 


tj b tj a [A (2)6 A (1)a - A (1)6 A(2)„] = -\tj 2 


\ 2 )aA“r) - A(!) a A“ 2 ) 






= 0, 


(2.71) 


which proves the Abelian nature of the supergroup {g(A)}, namely, g(A(i)) • g(A( 2 )) = g(A(i) + A( 2 )) = g(A( 2 )) • g(A(i)). 

For finite field-dependent transformations, it has been shown H11] that in the case of functionally-dependent 
parameters A a = AtJ a with an even-valued potential A = A (<f>, n, A), inspired by infinitesimal field-dependent BRST- 
antiBRST transformations with the parameters mm 


**«(& 7T, A| A F) = -±e ab (A F) a = -±_e ab AFtj b , 


(2.72) 


there holds the gauge-independence of the vacuum functional: Zf+af(0 ) = Zp{ 0). Indeed, a finite transformation 
with a group-like element g(Atf a ) leads to the superdeterminant of a change of variables P —7 Pg(Atj a ) and implies 
the corresponding change of the integration measure given by mm- 


Sdet 


[r$(A tf a ) 


sr 


= exp 


-(A a S) \ a -^(A a S)tj a \ 2 


dP = df Sdet 


[rff(At7 a )' 


8 V 


= dT exp - 


exp 


ih (A a S) A a+*4 (A a S) tj a A 2 + tftln (1 - ^-Atl 2 


In | 1 - ^A tj 2 


(2.73) 

(2.74) 


Using the Jacobian (12.7311 . the transformation of the action Sf according to (12.641) . the equations (12.5511 with their 
consequence resulting from applying V°, and the BRST-antiBRST exactness of the term ut/ 2 , we arrive at 0H 


z F r = r ' 


dr exp - 


S F + (5fV“ + ihA a S) X a + - (Sf < 's~ 2 + ihA a S < T a ) A 2 + iHln (l — ^rAtJ 2 


= / dT exp■ 


Sf+af + *^ln ( 1 — -AV 2 


-A Ftj 2 


(2.75) 
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The coincidence of the vacuum functionals Z F and Z F+ ^ F , evaluated for the respective even-valued functionals F 
and F + A F, is valid, together with a compensation equation for an unknown even-valued functional A: 

iftln^l-^ a!/ 2 ^ = -^A Ftj 2 . (2.76) 

An explicit solution of (12.761) satisfying the solvability condition (that both sides should be BRST-antiBRST-exact) 
has the usual form - up to tl a -exact terms - identical with (12.221) for the similar equations (12.201) . (12.201) in Yang-Mills 
theories and first-class constraint dynamical systems: 


A (0, t r, A|A F) = 2A F (af!7 2 ) 


exp 


——A Ftj 2 ^] - 1 
4 ih 


= — AF V 

2 ih ^ 


n —0 


(n + !) 


( 1 \ n 

-m ApV2 ) ■ < 2 - 77 > 


Conversely, the equation (12.761) examined for a certain unknown change AF of the gauge-fixing functional for a given 
functional A (^>, 7r, A) has the following solution, with accuracy up to t/ a -exact terms: 


AF (</>, 7r, A) = -2 ih A (</>, 7r, A) (A (0,7r, A) t/ 2 ) 1 In (l - A (0, tt, A) t/ 2 / 2 ) 2 . 
Field-dependent transformations with the functional-dependent parameters A a = At/ a given by 


(2.78) 


^ OO 

A “ = m ( air& “) Y 


1 


n —0 


(n + 1)! \4 ih 


-t-AfV 2 ) 


amount to a precise change of the gauge-fixing functional in a general gauge theory. 

It has been shown [3] that the relation Z F = Z f + af in (12.751) leads to the presence of a modified Ward identity, 


1 + —Ja4> a 
n 


t7 a A a (A) + it7 2 A 2 (A) 


4 Vfi 


2 Ju^t7 a J B (^ B )t7 Q A 2 (A)l (l-^A^ 2 )- 2 \ =1, (2.79) 


F,J 


and allows one to study the gauge dependence of Z F (J) in (12.531) for a finite change of the gauge F —> F + AF , 


Z f +af(J) = Z F (J) 1 + ( jJa<\> A 


ti a x a (r| - af) + yt7 2 A 2 (r| - a f) 


( - 1)Efl (^) JbJa ( 0 A tl a ) (ftf.) A 2 (r| - A F)^ 


(2.80) 


F,J , 


where the symbol u {A) f ,j" for a quantity A = M(I~) stands for a source-dependent average expectation value corre¬ 
sponding to a gauge-fixing F{(j>, 7 r, A): 

= ^ X (J) J dr A (0 exp { l - [S F (0 + Ja^ A ] } , where (1) F J = 1 . (2.81) 

In the case of constant A a , the modified Ward identity (12.791) contains an Sp(2)-doublet of the usual Ward identities 
at the first order in A a and a derivative identity at the second order in A a : 


j A U A ti a ) = 0 , (j a U a 1j 2 + {i/h)£ ab ^ A h a j s (^ B t7 h )l\ = 0 . 

\ / F,J \ J / F,J 


(2.82) 


In the case of first-rank gauge theories with a closed gauge algebra, MW = 0, in (EH), provided that the solution 
to the generating equations (12.551) is linear in the antifields (j)*A a i &A, the representation (12.531) for Z F (J ) reduces to 
(ED, with the action S F {(j)) being identical to (12.21) in irreducible gauge theories (12.61) . (12.71) . in particular, Yang- 
Mills theories (12.81) . The study of finite (field-dependent) BRST-antiBRST transformations and their consequences 
to the quantum properties of a theory is then reduced to the results of Section [All Below, we intend to study the 
case of finite field-dependent BRST-antiBRST transformations for general gauge theories with arbitrary functional 
parameters, generally assumed to be functionally-independent, A a ^ s a A. 
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3 Linearized Finite BRST-antiBRST Transformations 


In this section, we examine the calculation of the Jacobian for the linear part of finite field-dependent BRST-antiBRST 
transformations, i.e., the part being linear in functionally-dependent parameters of the form A a (</>) = s a A (</>) and 
A a (T) = f dt s a A (T), respectively, in Yang-Mills theories and arbitrary dynamical systems with first-class constraints. 
We shall carry out the explicit calculations in the Yang-Mills case and then translate the resulting Jacobian to the case 
of dynamical systems in question, using the anticommutativity, s a s b + s b s a = 0, of the corresponding generators s a 
and the invariance of the functional integration measure, dcj) and dT , under global BRST-antiBRST transformations, 
A a = const, in both these cases. 


3.1 Yang—Mills Theories 


(3.1) 


In the Yang-Mills case, the linear part of finite field-dependent BRST-antiBRST transformations in question has the 
form 

cj) A —> <j>' A = (j) A + A cj) A , where X(j> A = ( s a cj > A ) A a = X Aa X a , A a = s a A . 

Let us examine the even matrix M = ||Mg|| 

S ^Jb ^ = M b > f ( m b ) = + e B , 

and the corresponding Jacobian exp (3) 

OO 

9f = Strln(I + M) = -J2~ -—Str (M n ), where Str (A/ n ) = {M n ) A (-l) e/l 

n =1 

Explicitly, the matrix M^ is given by the sum of two even matrices: 

AX fyAa 

M A = X Aa ^ + ^A^A a (-1) £B =P a + Q a , 


jfA _ rA 
~ °B 


Pb=X' 


S(p B 8(j) L 
5K , 


(3.2) 


S(/) B ’ ^ B 64> B 

Further considerations are based on the following statements, established in our previous work [I], using the properties 


xy = 0 , s b s a (j) A = s b X Aa = e ab Y A , 
which take place in Yang-Mills theories, and the supertrace property 

Str (AB) = Str (BA) , 

which takes place for arbitrary even matrices A and B: 

Proposition 1 The matrices \S. 2j) with arbitrary odd-valued X a ^ s a A obey the properties 

n\ 


(3.3) 


Str (P + Q) n = Str (P n + nP n ~ 1 Q + C^ l P n ~ 2 Q 2 ) , where = 


k\ (n — k)! 


1 8Y a 

Str (Q) = 0 , Str ( Q 2 ) = 2Str (R) , where Rg = --X 2 — 

2 dip 


B ■ 


n = 2,3, (3.4) 

(3.5) 
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(3.6) 

(3.7) 


Proposition 2 Let us suppose that the condition X a = s a A is fulfilled. Then there hold the propertied 

P 2 = f-P=>P n = f. P"- 1 , where s°A 6 = 5 a b f => f = ~\s 2 k = —Str (P) , 

na 

QP = (1 + /) ■ Q 2 , where (Q 2 )£ = A a Y A ^- {-lf A+1 , 

Str (P + Q) n = Str (P n + nP^Q 1 + nP n ~ 2 Q 2 + K n P n ~ 3 QPQ ) , where K n = C 2 - C\ = n ~ ^ , n> 4 . 

(3.8) 

Note: the equality (13.41) is entirely due to the Grassmann parity of P, Q and the character of dependence of these ma¬ 
trices on A a ; the property Str ( Q) = 0 in (13.51) translates to the invariance, dtp' = dp, of functional integration measure 
under global BRST-antiBRST transformations Sp A = {s a p A ) A a , A a = const, while the property Str (Q 2 ) = 2Str (R) 
is implied by the anticommutativity, s a s b + s b s a = 0, of the generators s a , as well as by the above-mentioned invariance 
of functional integration measure, encoded in Str ( Q ) = 0; the properties (13.61) . (13.71) . substantially related to A a = s a A, 
are implied by the anticommutativity of the generators s°; the combinatorial coefficient K n in (13.81) corresponds to 
the decomposition of the binomial coefficient C 2 into two parts: C\ and K n = C 2 — C\\ in fact, the coefficient K n is 
the number of monomials in (P + Q) n for n > 4 that contain two matrices Q and cannot be transformed by cyclic 
permutations under the symbol Str of supertrace to the form Str(P ra_2 Q 2 ) by using (13.31) : in virtue of the contraction 
property P n = f • P n_1 in (13.61) the supertrace of all such monomials is equal to Str {P n ~ 3 QPQ); Propositions [L] [2] 
will be proved independently in Subsection 14.11 which deals with the case of arbitrary parameters A a ^ s a A. 

From the above properties (13.31) (13.81) , it follows that the quantity 3 takes the form (see Appendix [A} 

9f = -21n(l+ /) + », K = -Str [R + Q 2 + (1/2) Q \-(1 + /) QQ 2 ] , (3.9) 


where 

/ = -i s 2 A = i s “ SQ A. 

Substituting the explicit form of the matrices (13.21) . (13.51) . (13.71) . we have 


Sf=j(—1)“ 


Sp A 4 Sp B Sp A 


(1 + /) 


SXAa V B, 

sp B a sp A 


(3.10) 


Using the relations X Aa = s a p A , Y A = — (1/2) s 2 p A and bearing in mind that A a = s a A, one can represent the 
contribution (13.101) in terms of BRST-antiBRST variations: 


* = (-1 )■- { ((»V) a 2 ] M + 1 (»V) A 2 „ (»V) A 2 j - (l - l* 2 a) {s-4T) b (s*4> B ) A a A 2 ^} . (3.11) 


Let us now examine the transformation of the integrand 


dp ex p [(i/h) Sf (</)] 

in the Yang-Mills path integral under the linearized finite BRST-antiBRST transformations <0 = 


dp exp \{i/h)S F (p)} = dp J {p)ex p [{i/h) S F {p+ Ap)] = dp exp {{i/h) [Sf {p + Ap) - ihSs{p)]} (3.12) 

= dp exp |(i/A) S F {p + Ap) + ih In [l — (1/2) s 2 A (</>)] 2 — ih^R (</>)J j , 


®Further on, we will use different forms of the same matrices: Q B = X^\ a (—1) £B = \ a X^ (—1) £A+1 , (QD/j = 

\aY A \“ B (-1) £A+1 = - (1/2) Y a \ 2 b . 
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where 


Sf {4> + Acfj) = Sf (</>) + yTa (^) + o 


SS Fl ^ a lA ,1 S 2 Sf ... A , Ba , A 


5<j/- 


2 S^ A Sc/> B 


(^) A<j> B Acjf 


1 ^2 o 

= ^ ( 0 ) + 2 (-1) £A ( 0 ) ^ M * A ° M (0) A b (<« 


(3.13) 


Here, the first order of expansion in A<j> A = X Aa X a drops out due to the invariance property s a S F = 0, 

»“^ = |£a- = o. 


Then, differentiating the above relation, 


SSfSX^ , 5 2 S f vAaf n e B 


S(/) A Scj 1 


+ 


5(j> B 6</) A 


X Aa (-1) EB =0 , 


(3.14) 


(3.15) 


multiplying the result from the right by the quantity X Bb XbX a and using the property XgX Bb = e ab Y A , we obtain 
S F {</> + A 0) = Sf (</>) + {<f>) Y A (0) A 2 (cj) = S F (<t>) - ^ (cj) (a V) A 2 (</>) , (3.16) 

which implies the following transformation of the integrand: 


dcj exp 


-S F (</>) 


= dcj) exp ■ 


S F {cj)+ih\n(l-^s 2 A(cj)) + Sf d {cj) 


= dcj exp 


-S'W 


(3.17) 


where 

Sf d = Itzt yA * 2 - if® ■ (3-18) 

Z d(p 

The above expression is obviously not BRST-antiBRST-invariant: s a S^ id ^ 0. As a consequence, the corresponding 
quantum action S' (<j) fails to be BRST-antiBRST-invariant, s a S' ^ 0, and therefore it does not amount to an exact 
change of the gauge-fixing functional: 

S' (</») ^ S 0 (A) - l -s 2 F' (cj) . (3.19) 

Finally, it should be noted that the integrand fails to be invariant under global linearized finite BRST-antiBRST 
transformations, A a = const: 


d<p exp 


:S F (cj) 


— dcj) exp 




1 S F (</>) 


= d<?iexp 


: S F (cj) 


exp 


-Sf d (^) 


- 1 ^ 0 , 


where 54 dd reduces tc@ 


cadd _ 1 ^F^ r A\2 ^ ( i\ej ^ \ 2 n 

~2W w * ’ 


(3.20) 


(3.21) 


which implies that linearized finite BRST-antiBRST transformations can be interpreted neither as global symmetry 
transformations of the integrand nor as field-dependent transformations inducing an exact change of the gauge-fixing 
functional. Therefore, they do not possess the properties of finite BRST-antiBRST transformations. 

7 Even though in Yang-Mills theories there hold the properties Y\ = Y“ = Y““ = 0 =>■ (— l) eA Y A = 0, the quantity S'|, dd does not 
vanish identically, SJ, dd ^ 0, so that the invariance of the integrand in the vacuum functional under global linearized finite BRST-antiBRST 
transformations can only take place on solutions of the equation Sf,aY A = 0. 
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3.2 Constrained Dynamical Systems 


The case of arbitrary dynamical systems with first-class constraints can be examined in complete analogy with the 
Yang-Mills case and is based on the propositions and considerations of Subsection 13.11 Namely, in the case of 
dynamical systems in question, the linear part of finite field-dependent BRST-antiBRST transformations for phase- 
space trajectories Tf has the form 


T? -t f? = IT + A Tf , where A I* = (sT?) A a = X pa \ a , A a (T) = J dt s a A (T) . (3.22) 

Let us examine the even matrix M = t „|| 

5 ^) - m p e(M p ) — e +e 

and the corresponding Jacobian exp (3) 

00 ( _ -\\ n r 

3 = Str In (I + M) = -J2 ~ - - Str (M n ), Str (M n ) = (-l) £p / dt (M")J (t, t) , 

—i 71 J 


AAF p It'') 

i=w'-o, { M y q (t\t") = - 


(f', i") =Jdt (A) p r 01', i) (i, i") . (3.23) 


Explicitly, the matrix M is given by the sum of two even matrices: 


(- 1 )" s Kvr + • 


vi,,,„ = = ^v(-ir 


6X pa 
- jfr 


(3.24) 


The matrices U, V correspond to the matrices P, Q of Subsection 13.11 This correspondence is given explicitly by 
Table ED 



Table 1: Correspondence of the matrix elements in arbitrary first-class constraint systems and Yang-Mills theories. 
Linearized field-dependent BRST-antiBRST transformations. 


In this connection, due to the property Str ( AB ) = Str (BA) for even matrices, Propositions Q] [2] of Subsection 13.11 
remain formally the samj§ in terms of UX, t „, V P t , fll , substituted instead of the respective matrices Pg, Qs, which 
establishes the following 

8 One should, of course, take into account that formal summation over the time variable included in the index A is replaced by explicit 
integration over t in terms of (p, t). 
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Proposition 3 The matrices \3.2\) with arbitrary odd-valued X a ^ s a f dt A obey the properties 

Str {U + V) n = Str (U n + nU n - 1 V + C 2 U n ~ 2 V 2 ) , where C* = fcj ^ , n= 2,3, (3.25) 

1 

Str (U) = 0 , Str (U 2 ) = 2Str (W) , where W p = --A 2 — . (3.26) 

Proposition 4 Let us suppose that the condition X a = f dt s a A is fulfilled. Then there hold the 

U 2 = f -U =^U n = f ■ U n ~ x , where s a X b = 6% f => f = J dt s 2 A = —Str (U) , (3.27) 

VU = {l + f)-V 2 , where (V 2 ) p q = X a Y p — {-l) e * +1 , (3.28) 

Str {U + V) n = Str ( U n + nU n ~ x V x + nU n ~ 2 V 2 + K n U n ~ 3 VUV) , where K n = C 2 - C l n = n 3) , n > 4 . 

(3.29) 

Note: these statements may be supplied by the same remarks that follow Propositions [T| [2j with the replacement 
of (f> A , Pg, Qg, R.g by T p , U q | t , t „, VA, t „, W q j t , t „, respectively, and with the replacement of A“ {(f) = s a A{(f) by 
A“ (r) = f dt s“A(r); in particular, it may be emphasized that the properties (13.261) . (13.271) . (13.281) are implied by 
the invariance, dT = dr, of functional integration measure under global BRST-antiBRST transformations <5T P = 
(s°r p ) A a , X a = const, being canonical transformations of phase-space variables, as well as by the anticommutativity, 
s a s b + s b s a = 0, of the corresponding generators s a . 

From (13.251) (13.291) . with allowance for Str (AB) = Str {BA), it follows that S acquires the form, cf. (13.301) . 

9 =-2 In (1+ /) + », 3? = —Str [W -\-V 2 -\- (1/2) U 2 2 — (! + /) VV 2 \ , (3.30) 


where 



dt s 2 A = - 
2 


dt s a s a A . 


Substituting the explicit form of the matrices (13.241) . (13.261) . (13.281) . we have, cf. (13.101) . 


Y P J 


dt 


(3.31) 


Using the relations X pa = s a T p , Y p = — (1/2) s 2 T p and bearing in mind that X a = J dt s a A, one can represent the 
contribution (13.311) in terms of BRST-antiBRST variations, cf. (13.111) . 


^-j (-ir 


+ 4 ^ 


/ dt [(s 2 rf) A 2 ] ((p t) - 1 {-ir J dt'dt" {s 2 ! I*) {s 2 n„) A 2 (pjt0 

(i-iy dts 2 A^j J dt'dt" {s a T p t ,) Mtll) (s 2 r q t „) X a X 2 iptl) , 


(3.32) 


where 

. _ SA _ 5 

Am - 5t p - A sr p ■ 

By analogy with Subsection 13.11 one can state that the linearized finite BRST-antiBRST transformations (13.221) for 
dynamical systems with first-class constraints can be interpreted neither as global symmetry transformations of the 
integrand, nor as field-dependent transformations inducing an exact change of the gauge-fixing functional. Therefore, 
linearized finite BRST-antiBRST transformations in Hamiltonian formalism do not possess the properties of finite 
BRST-antiBRST transformations. 

9 Further on, we will use different forms of the same matrices: V p = X p f\ a (—1) E9 = \ a X p f (—l) Ep+1 , (V 2 ) p = \ a Y p 3 a q (—l) Ep+1 = 
~ ( 1 / 2 ) Y p \ 2 p . 
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4 Finite BRST-antiBRST Transformations with Arbitrary Parameters 


In this section, we examine the calculation of the Jacobian for finite field-dependent BRST-antiBRST transformations 
in the case of arbitrary, i.e., generally independent parameters, A a ^ s a A. Once again, we shall carry out the 
explicit calculations in the Yang-Mills case and then make a relation of the resulting Jacobian to the case of arbitrary 
dynamical systems with first-class constraints. Furthermore, as long as the case of general gauge theories in Lagrangian 
formalism proves similar to the Yang-Mills case, the corresponding general considerations will be provided as well. 
The calculations in Yang-Mills theories and first-class constraint systems will partially repeat the case of linearized 
BRST-antiBRST transformations and will therefore effectively use some of the corresponding statements given by the 
above propositions. At the same time, we will slightly change the notation (13.211 . (13.241) of the matrix objects for the 
sake of convenience. 


4.1 Yang-Mills Theories 


In the Yang-Mills case, the finite field-dependent BRST-antiBRST transformations in question have the form 
cf) A -A- f>' A = (f) A + A(j> A , where A cj) A = ( s°4 >) A a + i (s 2 ^) A 2 = X Aa X a - ^Y A X 2 , A a ^ s a A . 

Let us examine the corresponding even matrix M = ||Afgj| and the related quantity 3 

, 6(A(b A ) “ f-l) n 

M4= , 9 = Str In (I + M) = - V 4-— Str (M n ) . 

dd> a ’ ' n 

T n= 1 

Explicitly, the matrix Mf) is given by the sum of three even matrices: 


M a = P A 


Qb 


R 


B i 


where Qb = (Qi)\ 


r>A _ v Aa $X a 

Pb ~ x w 


5X** EA+1 
[Qi)b ~ Xa ~^B~ 


(Q2)b ) 

5 (Qi)b = Xa ^ 


SX a 

64> B 


(- 1 ) 


^A +1 


Rb = 


1 } *fiy A 

2 5(b B 


(4.1) 

(4.2) 


Here, the matrix Qg of Subsection 13. II has been naturally extended by its summation with the matrix (< 52)^1 which 
has already emerged in the relation m of the mentioned subsection. The additional matrix R^ has also emerged 
(13.51) in Subsection 13.II 

Using the property Str (AB) = Str (BA) for arbitrary even matrices and the fact that the occurrence of R ~ A 2 in 
Str ( M n ) more than once yields zero, A 4 = 0, we have 


Str (AT*) = Str (P + Q 


R) n = J2 c > T 

k—0 


(P 


Q) n ~ k R k 


C k = 


n\ 


k\ (n— k)\ 


Moreover, 


(4.3) 


Str (P + Q + R) n = Str (P + Q) n + nStr (P + Q) n ~ l R 


= Str (P + Q) n + nStr (P n " 1 P) 


(4.4) 


since any occurrence of R ~ A 2 and Q ~ A a simultaneously entering Str(Af) ra yields zero, owing to A a A 2 = 0, as a 
consequence of which R can only be coupled with P ra_1 . 

Further considerations are based on the following statements, proved in Appendices IB. II IB. 51 respectively: 


Lemma 1 The expressions Str ( M n ) for n > 1 are given by 


Str (M n ) = Str (P + Q) n + nStr (P^P) 


Str (P + Q) + Str (P) , n = 1 , 
Str (P + Q) n , n > 1 . 
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(4.5) 















Note: the relation (14.51) uses the nilpotency s a s b s c = 0 of the generators s a , as a consequence of their anticommutativity, 
and implies that the matrix R drops out of Str (M n ), n > 1, and enters the quantity 3 only as Str ( R ). 

Lemma 2 The expressions Str (P + Q) n for n > 1 are given by 


Str (P + Q) n = ^ C k Str ( P n ~ k Q k ) = Str (P" + C^P^Q + C 2 P n ~ 2 Q 2 ) , n = 2,3 


(4.6) 


k =0 
1 


k -2 


Str (P + Qf k = ^ C l 2k Str (P 2k ~ l Q l ) + C 2 \ ^ Str ^p2(fc-z-i) (pig) 

Z =0 /—0 

Str (P + Q) 2fc+1 = ^ C4 +1 Str ( P 2k+1 ~ l Q l ) + C $ k+1 ^ Str fp2(fc-0-i ( p ' q ) 


+ CiStr 


(P^Q) 2 , fc > 2 , (4.7) 


k > 2 . (4.8) 

i =0 1=0 L J 

Note: the relation (14.61) coincides with the formula (13.41) of Proposition |T]), whereas the relations (14.71) . (14.81) generalize 
the formula (13.81) of Proposition Q to the case A Q ^ s a A. Indeed, let us suppose that the case A a = s a A, with the 
implied condition P n = f ■ P n_1 , does indeed take place. Then it is straightforward to verify the equalities 

\2fc 5 

= Str (P n ) + nStr (P^Q) + nStr ( P n ~ 2 Q 2 ) + K n Str ( P n ~ 3 QPQ ) , k> 2 , (4.9) 


Str (P + Q) 

Str (P + Q) 2k+1 


where the coefficients I\ n are given by (13.81) . with allowance for 


I< 2k = (k - 2) <4 + Cl , tf 2fc+1 = (fc - 1) &i fc+ i , (4.10) 

which shows that in the respective cases n = ( 2k , 2fc + 1) the above relations for Str (P + Q) 2k and Str (P + Q) 2k+1 
are reduced to the formula (13.81) for Str (P + Q) n , when A a = s a A. 


Lemma 3 There hold the properties 

Str (Qi) = 0 , Str (R) — -Str ( Q 2 ) = 0 . (4.11) 

Note: the relations (14.111) repeat, in different notation, the formulas (13.51) of Proposition |I] established in our paper 
[T] ; for the sake of completeness of the present subsection, we will provide the corresponding proof in Appendix IB. 31 

Lemma 4 There hold the properties 


Str (P n ) = — tr [(to 71 )))] = — tr (to") = — (to")“ , where m k =s a \b, (4-12) 

where powers in m = 171^ are understood in the sense of matrix multiplication with respect to Sp(2) indices. 

Lemma 5 There hold the properties 

QP n = tr [to 71-1 (e + m) Y] , n> 1, (4-13) 

where e = (e)l is the unit matrix (e)l = 5%, and the matrix Y = {Yb)i is given by 

(n°)s = (-ir xayA ^ =► (Y a a )i = mi . (4.14) 

Note: the relations (14.121) . (14.131) generalize the respective formulae (13.61) . (13.71) of Proposition [2] to the case A Q jk s Q A, 
which is readily established by inserting the particular form of the matrix ml ~ <5^, 

ml = s a A b = s Q s fe A = (s 2 A) , (4.15) 


21 















corresponding to the case A a = s a A, in the relations (I4.12L (14.131) . with the resulting formulae (13.61) . (13.71) : due to the 
natural appearance of the matrices m b and in (14.121) . (14.131) . we shall evaluate the quantity 3 as a series in 

powers of these objects. 

Proceeding to the calculation of 3 on the basis of the above lemmas and collecting the relations (TOl) (gU), 
(14.111) (14.141) . we arrive (see Appendix IB.61) at the following result: 

3 = —tr In (e + to) , (4.16) 


where the operation In is to be understood in the sense of an expansion in powers with respect to the multiplication 
of matrices carrying Sp(2) indices: 


°o /_,xra 

In (e + to) = [In (e + m,)] b = — ^-( TO ")& • 


(4.17) 


It should be emphasized that the considerations of Appendix IB. 61 do not utilize the anticommutativity of the BRST- 
antiBRST generators s a , except for the treatment of Str (P ra_1 i?), Str(P), Str (Q^) in (14.51) and (14.111) . In the 
remaining part of this subsection, we examine the consequences implied in (14.161) . (14.171) by the anticommutativity of 
s a - Namely, in the particular case A a = s a A, the quantity 3 reduces, in accordance with (I4.15[l . 


(' m n T b = r ■ 5 a b , tr (to-) = 2 , / = --s 2 A 


to the BRST-antiBRST-exact expression [I: 

" (-1) 


= E 


-tr 


( to ») = 2 £ 


EE/™ = -2 In (1 + /) = In (1 - -s 2 A 


n =1 n =1 v 

In the general case, however, A Q ^ s a A, the quantity 3 fails to be BRST-antiBRST-invariant 


oo / n\n oo 

= V (m“): = £ (-1)" (s-mj) (m- 1 ); 

n =1 n= 1 

oo 

= - (*V) E Mb = - (s a m b c ) Ue + to)- 1 ! > 0 , 


(4.18) 


(4.19) 


(4.20) 


fc=o 


whence it is generally no longer BRST-antiBRST-exact and does not amount to an exact change of the gauge-fixing 
Boson: 

5 4 ,,4f ' (42i > 

The condition of BRST-antiBRST-invariance of 3 therefore reads 


(s a m b c ) (e + m) = -e ab (s 2 A c ) (e + m)' 


J b 


= 0, 


(4.22) 


which is a necessary condition of BRST-antiBRST-exactness of 3. Furthermore, if we impose on 5 (A), given by an 
expansion in powers of A a , 


3 (A) — —s a A a + — (s a A&) (s b A a ) — — (s a A b ) (s b A c ) (s c A a ) + • • • , (4.23) 

the requirement of BRST-antiBRST-exactness at the first order, s a A a = s a s a A, for a certain even-valued functional 
A, then this requirement meets the condition (14.22[) and turns out to provide the corresponding exactness at the 
succeeding orders, which implies the following (see Appendix IB.71) 
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Lemma 6 If there exists an even-valued functional A such that s a \ a - 
A n such that 

OO 

tr ( m n ) = s a s a A„ , n > 2 => 3 = ^ 

n=1 


s a s a A, then there also exists a sequence of 


(- 1 )" 


S SaA n • 


(4.24) 


This implies the following criterion: the quantity 3 (A) is BRST-antiBRST-exact to all orders of its expansion in 
powers of A a if and only if there exists such an even-valued functional A that s a X a = —s 2 A. Such a choice of A Q 
obviously corresponds to the case of functionally-dependent parameters, 


s Ai T s X 2 — —s A , 


(4.25) 


which we have previously examined ,1] in the particular case A a = s a A. Since an arbitrary set of functional pa¬ 
rameters A a ((f>) is generally not functionally-dependent, s a X a ^ —s 2 A, it is obvious that the corresponding quantum 
action induced by a finite BRST-antiBRST transformation with such parameters X a (f>) cannot be reproduced by the 
conventional Lagrangian BRST-antiBRST quantization scheme. 

It has been previously established [T] that the particular case A 0 = s Q A of functionally-dependent parameters A Q 
allows one to obtain a unique solution of the corresponding compensation equation 

In (l-is 2 a) =-L s 2 AF, 

\ 2 J 2ih 

with accuracy up to BRST-antiBRST-exact terms. This is a consequence of the fact that the resulting quantity 3 
is actually controlled by a single functional parameter A, which is in one-to-one correspondence (up to the above- 
mentioned accuracy) with a change AT of the gauge Boson. In this respect, it is natural to examine the most general 
case of solutions to s a X a = s a s a A, parameterized by an additional odd-valued doublet 1 p a , 


s a (Aa - s a A) = 0 ==» A a = s a A + ifa , s a ip a = 0 , (4.26) 

which may, in particular, be constant, ip a = const. In virtue of (14.261) . the additional parameters tpa are functionally- 
dependent and obey (see Appendix IB. 8)1 


Lemma 7 The condition s a ip a = 0 implies 


1 


tr (tt 4) = --s 2 (V> 2 ) , tr (to",) = 0 , for n > 3 , where ip 2 = xp a tp a , (to^,)^ = s a tp b 


(4.27) 


whence the corresponding quantity 3, parameterized by the functional parameters ( A,ip a ), is BRST-antiBRST-exact 
and reads as follows: 

o r . 


'(A,^) — In (l - ^s 2 a) - js 2 (ip 2 ) 


1 - A, 2 A 


As a consequence, the resulting compensation equation takes the form 


In (l - is 2 A^) - is 2 (if 2 ) 


1-^A 


= ——s 2 AF . 

2 %h 


(4.28) 


(4.29) 


For a given gauge variation A F and a certain given solution ij) a of the subsidiary condition (14.261) . the modified 
compensation equation (14.291) may be considered as an equation for some unknown functional A, whose solution may 
be sought as A = A (A F,ip). More explicitly, there holds (see Appendix IB. 91) the following 
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Lemma 8 The solutions A of the modified compensation equation have the form 

2AF 


„ 2AF f i _i'i 

s 2 AF^0: A(AF,if) = -^ {l-[l + tf( 7 X 0 )] 5 X 0 2 } 

s 2 AF = 0 , s 2 (if 2 ) = 0 : A = s a X a + s 2 A , 

s 2 AF = 0, s 2 (if 2 ) ± 0 : AW = -^ {l-[l + l?( 7 )r’} 


A' 0 =exp( 5 3 7r s 2 A_F),7=is 2 (!/> 2 ) 


7=§s 2 «’ 2 ) 


(4.30) 

(4.31) 

(4.32) 


where the function & ( y ) is defined by 


^“TITT- e<0) = 0 ' 

i? (y) : & (9 (x)) = x , $ (0) = 0 . 

Therefore, in the case s 2 AF 0, s 2 ( if 2 ) = 0, we find the solution (12.22|) . 

2AF 

A (AF, 0) = {1 - exp [(*/4fi) s 2 AF] } , 

of the usual compensation equation (12.201) . whereas in the case s 2 AF = 0, s 2 (if 2 ) / 0 we arrive at a finite BRST- 
antiBRST transformation, with the parameters A a = s a A (if) + if a given by (14.261) . (14.321) . which induces a Jacobian 
equal to unity: 


1 

2 ih 


2 AF = 0 => exp (3) = 1 . 


(4.33) 


On the other hand, given the functionals A and if a , we obtain a change of the gauge AF, according to (14.291) . which, 
in the case A = 0, takes the form 

„2 a v _ t „/,2\ (4.34) 


2 A F = ~s 2 (if 2 ) 


and corresponds to the quantity 3 (if) given by 


■(if) = -is 2 (if 2 ) 


(4.35) 


which implies a non-trivial Jacobian, exp (3) ^ 1, in the case s 2 (if 2 ) ^ 0. In order to investigate this possibility in 
more detail, let us notice that the solutions of the subsidiary condition (14.261) can be presented in the form 

1 


lfa= Pa+ 2 Sa ^h + S ^ba + S b S ip a 

e(p a ) = e(tp a ) = 1 , e(4'ab)=0, 




cb 


(4.36) 


parameterized by a constant Sp(2)-doublet, p a = const, an Sp(2)-doublet of arbitrary functionals, (p a (<f), and an 
Sp(2)-tensor of arbitrary functionals, J'ab ((f), with the corresponding Grassmann parities (14.361) . The above solutions 
can be found from the following Ansatz: 


if a = Ha + + S ^ba + S6«Va 


(4.37) 


expanding the functionals if a in powers of the operators s a . Once a certain solution (14.361) is given, one can decompose 
the corresponding tensor 4 , ab into its symmetric and antisymmetric components, 

*ab = ^{ab} + * [ab] , 

and notice that the antisymmetric component, ^[ab] = Eab^ 7 , 4' = (l/2)e >a if!\ ( M, actually vanishes from if a : 

^£ bC Sa^[cb] + S h ^[ba] = ,£ bC £cbSa'& + EbaS^ = SaT - S a ^ = 0 . 
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Therefore, regular solutions of the equation s a ip a = 0 in (14.261) vanishing in the case (f> A = 0 have the form 


Ipa = S b ^{ha} + S 2 ip a , (4.38) 

which is a particular case (n = 1) of a regular solution, vanishing in the case <p A = 0, of a more general equation for 
an unknown completely symmetric Sp(2)-tensor of rank n, 

$ tp{aia 2 ...a n } 0 V J {aia 2 -..On} b ^ {baiaz . ,.a n } T ^P{aia ,2 ...a n } > (4.39) 

with certain rank-n and rank-(?z+1) symmetric Sp(2)-tensors ^P{ ai a 2 ...a n }i ^{ba 1 a 2 ...a n }i e(v?) = e(V0 = e( v k) +1. It can 
next be noticed that the components /i Q and <p a in (14.371) do not contribute to {m^)b = s a ipb > whereas the symmetric 
component 4^;,} (once non-vanishing) does, 

{m^)l = s a ip b = s a Qe^Sb’I'pfc} + = ^e QC s 2 T {c b } ^ 0 , 

and furthermore it provides a non-vanishing contribution to tr(m,/,) = {m^,) b a , 

( m V>)b ( m b)a = \z ac z bd (s^tcb}) (s 2 ^ {da} ) = -^s 2 (V' 2 ) , 

which makes it possible to express the quantity 3 in (14.351) entirely in terms of the symmetric component: 

3 = l £ ac £ bd (s 2 ^}) (s 2 vE- {fec} ) . (4.40) 

Finally, in the most general case of arbitrary functionals A a (</>), the condition (14.261) is not fulfilled, making it thereby 
impossible to present the quantity 3 in a BRST-antiBRST-exact form (14.281) and to relate it with some change of the 
gauge (14.291) . This means that the corresponding quantity 3 acquires some extra contributions w.r.t. (14.281) . which 
can be related to a decomposition of the parameters A a into the following components: 

Aa 5 a A 1p a -)- <T a , 

where 

s a ip a = 0 , S a cr a ^ 0 , s a a b ^ 5%f' . 

Using the notation 

(wA)b = s a s b A = 5b f , (m^)l = s a ip b , = s a a b , 

and considerations similar to the relations (IB.781) . (IB. 791) . (IB.80I) of Appendix IB. 81 we have 

n 

tr (m A + + m a ) n = tr ^ C k f n ~ k (m^ + m a ) k , (4.41) 

k =0 


whence the corresponding quantity ^ ^ (A, t/j, a) reads 


1 


-2 


00 / \n n 


(A,V>,o-) = hi ( 1 — ^s 2 A ) +M(A,ip,cr) , M (A,ip,a) = ^ ^ ^ ^C k f n k ti (m^ + m a ) 


n= 1 k —1 


J /=-is 2 A 

(4.42) 


Using the fact that tr {m^) = 0, we find 


oo / 1 n n n 


M (A, ip, a) = -tr (m^) ( 1 + ^s 2 A j + ^tr ( m^ + m a f + ^ ^ ^ ^ C k f n fc tr (m^ + m a ) 


n =3 k— 1 


J /-- 1.S-* A 


, (4.43) 
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where account is to be taken of 


tr (ml) = -^s 2 (ip 2 ) , tr(m£)=0, k>3. (4.44) 

Accordingly, the corresponding quantity 3 (A, ift, a) is given by 

Sy (A, ip, a) = (A, ip) + SR (A, ip, a) , (4.45) 

where the quantity M (A, •*/;, cr), given by (|4.43[) . has been decomposed as 

M (A, iji,a) = M (A, V>) + 5? (A, ip, a) , M (A, ip) = M (A, ip, u)\ a=Q . (4.46) 

In (14.451) . 3 (A ,i/j) has the form (14.281) and thereby represents the BRST-antiBRST-exact contribution, whereas 
3? (A, ijj, a) represents the contribution 

3? (A, ip, a) = M (A, ip, a) — M (A, ifi) , (4.47) 

which is not BRST-antiBRST-exact and cannot be, therefore, reproduced by the conventional BRST-antiBRST quan¬ 
tization scheme; instead, it should be regarded as an addition to the transformed quantum action in the integrand of 

ED 

J !a(A«.)) = d( t> ex P {(*/ft) [So + (1/2) s a s a (F + A F) - ih 3? (A, i/j, cr)]} , (4.48) 

calculated in the reference frame with the gauge Boson F + AF(A,ip). 


4.2 Constrained Dynamical Systems 


The case of arbitrary dynamical systems with first-class constraints can be examined in complete analogy with the 
case of Yang-Mills theories. It is based on the propositions and considerations of Subsection 14.II and repeats, in part, 
the considerations of Subsection 13.21 Namely, in the case of dynamical systems in question, the finite field-dependent 
BRST-antiBRST transformations with arbitrary parameters have the form 

T? f ? = T? + AT? , where AT? = (*“T?) A a + ± (s 2 Tf) A 2 = Yf'% - ^A 2 , A J dt s a A . 

Let us examine the corresponding even matrix M = t „|| and the related quantity S 

, 3 = Str In (I + M) = £ ^Str (AT) . 

1 n= 1 

Explicitly, the matrix APj t , t „ is given by the sum of three even matrices: 


= u aw.t" + Kw.t" + - where Kit'.t" = (Vi) p aW ,t" + (Yi) 


q\t',t" 

= x 


_ ^A a 

4 ' sn, 


, (Cl) 


q\t',t" 


) q\t' ,t" 




xvP“ 

= A„,^AC (_i) £ p+ 1 , {V 2 y 


>q\t',t" 

sx a 




_ \ vP_ 

q\t',t" ST q 


(-i) Ep+ , 


q\t',t" 



(4.49) 
8Y» 

K" ' 

(4.50) 


Here, the matrix (V) p q , t , t „ of Subsection 13. 2l has been naturally extended by its summation with the matrix {Vz)^ t „, 
which has already emerged in the relation (13.281) of the mentioned subsection. The additional matrix W q j t , t „ has also 
emerged (13.261) in Subsection 13.21 The matrices U, V, W correspond to the matrices P, Q , R of Subsection 14.11 This 
correspondence is given explicitly by Tabic [2] 

In this connection, due to the property Str (AB) = Str (BA), Lemmas [T][5] of Subsection 14.11 remain formally the same 
(see Footnote ED in terms of U p , t , t „, V^ t , t „, W q , t , t „ substituted instead of the respective matrices Pg, Qg, Rg, which 
establishes the following 
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First-class constraint systems 

Yang-Mills theories 

rf > Arf = ( s ”rf)A 0 + i(s 2 rf)A 2 

s a T p = X pa , s b s a T p = e ab Y t p , s c s b s a T p = 0 

r ,]p y ! l b _ r ab\rP \/P _ 1 „ f jp 6X* yBb 

J au — t 1 1 , 1 1 — 2 c ' ab J ar 9 , 

f dt «§t = f dt ' g£x? = o 

= U q\t',t" + + K\t-d" 

Kwy' = 

(Pi4, t " = A a ^(-ir> +i 

(v 2 ) p lt ,^ = x a Y p ^(-ir +1 

TTP _ vP a s\ a TT/P _ lx2 n t' 

U q\t',t" ~ ^t' Wff ’ VV q\t',t" ~ 2 A WJf 

<f A , A</> A = (s a (f> A ) \ a + \ ( s 2 (j) A ) A 2 

s a (j) A = X Aa , s b s a (j) A = e ab Y A , s c s b s a (j) A = 0 

SX Aa vBb „ofivA vA 1 „ SX Aa vBb 

6 1,1 2 e a b~s^B-x 

SX Aa _ SY a vBb _ n 

8cf) B 

S -i^l = M A = P A + Q A +R A 

Qj } = (Ql) A B + (Q2) A B 
(0i)^ = A o ^(-ir +i 
(q 2 )^ = A a p A f; (-ir +l 

r>A _ vAa 8X a tdA _ 1 \2 8Y A 

r B ~ ^ ’ 1X B ~ 2 a 


Table 2: Correspondence of the matrix elements in arbitrary first-class constraint systems and Yang-Mills theories. 
Finite field-dependent BRST-antiBRST transformations with arbitrary parameters. 


Proposition 5 The matrices U, V, W possess the properties 

Str (M n ) = Str (U + V) n + nStr (U n ~ 1 W) = / ^ ^ + ^' " = * ' 

I Str (U + V) , n > 1 . 

n 

Str (U + V) n = C^Str (U n ~ k V k ) = Str ( U n + C^CP -1 V + C 2 /7”“ 2 P 2 ) , n = 2,3, 


(4.51) 

(4.52) 


k—0 

1 


k -2 


Str (U + V) 2k = C 2 kS tr (U 2k ~ l V 1 ) + C% k Y Str (U l VY 


CfcStr 


(U k ~ 1 V) , k > 2 , (4.53) 


i -o 


i=0 


fc-i 


Str (U + V) 2k+1 = Y C l 2k+1 Str (U 2k+1 ~ l V l ) + C£ fc+1 ^ Str 


;=o 


;=o 


k > 2 


1, 


Str (Pi) = 0 , Str (IF) - -Str (V?) = 0 , 


(4.54) 


(4.55) 


Str ( U n ) = — tr [(m”)J[] = —tr (to”) = — (m")“ , P/7” = tr [to” 1 (e + to) Y] , n > 1 , where to^ = s a A(, , 

(4.56) 

where e = (e) k = Sg, according to the notation of Subsection \4-1] and the matrix Y = (Y k ) p q , t , t „ is given by 

(Xb) p q \t>,t" = (- 1 ) Ep xaY lt-§r =► = (V^| t , it „ • ( 4 - 57 ) 

From (14.511) (14.571) . with allowance for Str (AB) = Str (BA), it follows that 3 acquires the form, cf. (14.161) . (14.171) . 

°° ( _1 \ n 

3 = — tr In (e + to) , where In [(e + m)]£ = — Y, -( m ")b • (4.58) 

n=i n 

The considerations of Subsection 14.11 following the relation (14.191) can now be repeated for the result (14.581) . with 
account taken of the obvious replacement A a (<j>) = s a A (</>) —> A a (T) = f dt s a A (T). 


4.3 General Gauge Theories 

The consideration of general gauge theories in Lagrangian formalism proves similar to the case of Yang-Mills theories 
and is based on the lemmas of Subsection l4.ll with minor modifications, necessary to take into account the facts that in 
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general gauge theories the global BRST-antiBRST transformations P —> l~' p = P + <5P, <5P = (s a P) A a , A a = const, 
do not respect the invariance of functional integration measure, T ,p ^ P, and do not possess the anticommutativity of 
the generators, s°s b + s b s a ^ 0. Namely, in the general case the finite BRST-antiBRST transformations with arbitrary 
parameters A a (T) have form 

P->|-' p = P + AP , AP = (s a P)A a + i(s 2 P)A 2 = Af pa A a -iy p A 2 , A a ^ s a A . 

Let us examine the corresponding even matrix Ai = ||A4 P || and the related quantity 3, namely, 

A ("API 00 (— 11" 

S = Strln(I + Af) = -^l-^Str(X") , I p = <5 P . 

n =1 

Explicitly, the matrix A4 p is given by the sum of three even matrices: 

S fAP) 

M p = A—l = U p + V p + W p , where V p = (Vi) q p + (V 2 ) p , (4.59) 

U p = X pa X a , q , (Vi) q p = A 0 T pa (-l) £p+1 , (V 2 ) p = A a ^ p A“ (-l) £p+1 , W p = -^A 2 y p , (4.60) 

The matrices U p , V p , W p correspond to the matrices P B , Q B , R B of Subsection 14.11 This correspondence is given 
explicitly by Table [3] In this connection, Lemmas [2] ED ED and the relations (14.41) of Subsection 14.11 remain formally 


General gauge theories 

Yang-Mills theories 

P, AP = Y pa A a - (l/2)3^ p A 2 
y p = (1/2) X p q a X pb e ba 

5(AI-) = M p 
an J l q 

M p = U p + V p + W p 

V p = (Vr) p + (V 2 ) p 
(Vi) p = A Q T p “(-l) ep+1 
(V 2 ) p = A a 3^ p A“ (-l) £p+1 

u p = x pa x a , qi w p = -\x 2 y p q 

4> a , A(j) A = X Aa X a - (1/2) Y^A 2 
V A = (1/2 )X Aa X Bb e ba 

m a = p a + q a + r a 

Qi = (Qi) A B + (Q2) A B 
(Qi)i = x a x Aa (~i) SA+1 

(Q 2 )i = XaY A X“ B (-1 r + i 

r>A _ vAa\ jdA _ 1 \2 \rA 

*B — ^ A a ,B i — 2^ ,.B 


Table 3: Correspondence of the matrix elements in Yang-Mills and general gauge theories. Finite field-dependent 
BRST-antiBRST transformations with arbitrary parameters. 

the same in terms of U p , V p , W p , substituted instead of the respective matrices P B , Q Bl R B , since the relevant 
considerations do not use any properties of these objects, except their Grassmann parity and the character of their 
dependence on the parameters A a , which establishes the following 
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Proposition 6 The matrices hi, V, W possess the properties 


Str (M n ) = Str (U + V) n + nStr , n > 1 , 

n 

Str (« + V) n = C n St1 ' (W”“ fc V fc ) = Str (i U n + C\U n ~ x V + C 2 n U n ~ 2 V 2 ) , n = 2,3 , 


k =0 
1 


k—2 


Str (U + V) 2fc = J 2 C 2 fcStr (W 2 fc ”'v') + C\ k ^ Str U 2{ - k - l ~ x) (lA l V) + C^Str 


Z=0 


Z=0 


k > 2 


fc-i 


Str (£/ + V) 2fc+1 = C 2 fc +1 Str (lA 2k+1 ~ l V l ) + C\ k+1 Str tf2(k-i)-l ( W « v ) ; fc > 2 


z=o 


1=0 


Str (W n ) = — tr [(m n )^] = — tr (m") = — (m")“ , where m^ 1 = s a Ab , 

VlA n = tr [m”^ 1 (e + m) jA] , n > 1 , 

where e = (e)j = Sjf , according to the notation of Subsection \4-l\ and the matrix y = (3^a)q ® s given by 

(X) q p ee (-1)- A”3^ =► CK) P = (V 2 ) p . 


(4.61) 

(4.62) 

(4.63) 

(4.64) 

(4.65) 

(4.66) 

(4.67) 


On the other hand, Lemmas mm use the explicit structure of functions entering the matrices (Qi)g, Rg and they 
consequently undergo, in terms of (Vi) p , W p , the following modifications, established in respective Appendices IB. 101 

Em 


Lemma 9 There hold the properties 

Str (U n - x W) = (m"- 2 )“ (s b s 2 P) A 2 , n > 1 . (4.68) 

Lemma 10 The matrices Vi and W are related by the equality 

Str (Vi) + Str (W) - ^Str (V?) = - (A a S) A a - ^ (s a A Q S) A 2 . (4.69) 

Note: the properties in (14.681) generalize the equalities Str (P”” 1 !?) = 0, n > 2, implied by (14.51) . due to the failure 
of the generators s“ to be nilpotent in the entire space P, which means that the matrix W does not drop out of 
Str (Ad”), n > 1; the relation (14.691) extends the properties (14.111) to the case of non-anticommuting generators s“ and 
a BRST-antiBRST non-invariant integration measure dr, and has been established in our paper [3]; for the sake of 
completeness of the present subsection, the corresponding proof is given in Appendix IB. Ill 

In view of the properties (14.611) (14.671) and the correspondence provided by Tabled the calculation of the quantity 
3 here repeats the considerations of Appendix IB. 61 with the modifications provided by (14.681) . (14.691) . in comparison 
with (14.51) . (|4. Ill) , which implies the appearance in 3 of an extra contribution: 

1 °° ( 1 \ n 

Str (Vi) + Str (W) - -Str (V 2 ) - ^ A-^-nStr (ZT^W) . (4.70) 

2 n=2 n 

Thus, the resulting expression for 3 is given by, cf. (14.161) . 

3 = - (A a S) A a - J (s„A“5) A 2 - tr In (e + m) + R , (4.71) 

where 

5R=iA a , p [( e +m)- 1 ]^(s b s 2 P)A 2 , (4.72) 
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or, explicitly, 


oo / -j x n oo 

[ln(e+m)]£ = -^ —— (m")“ , [(e + m) _1 ]£ = ^ (-1)" (m n )“ . (4.73) 

n= 1 n—0 

In contrast to our paper [5] , the result expressed by (14.711) , (14.721) makes no assumption that the functional parameters 
A a do not depend on some of their variables from the set P = ( (f> A , n Aa ,\ A ,(f)* A a,(t>A), namely, that A 0 are restricted 
to (<j> A , Tr Aa , A' 4 ), making it thereby possible to utilize the anticommutativity of the BRST-antiBRST generators s a 
in this subspace. This restriction has now been removed due to the fact that the considerations of Appendix IB.61 
do not require, as has been noticed in Subsection 14.11 the BRST-antiBRST generators to be anticommuting, except 
for the treatment of the terms Str(i?), Str(Q 2 ), Str(P" _1 i?), which now correspond to part of the contribution 
(14.701) . At the same time, by virtue of (14.681) . (14.69[) . this contribution has now been calculated for non-anticommuting 
generators s a , thereby extending the considerations of Appendix IB.61 to general gauge theories. As a consequence, the 
result expressed by (14.711) . (14.721) is now presented in terms of arbitrary anticommuting parameters A 0 (I"). In this 
connection, let us examine the change of the integrand corresponding to the result (14.711) . (14.721) : 

dY exp[(i/h) Sf (T)] | r ^ r , = dVexp{{i/H) [S F (r + AV) - ihS (I - )]} , 

where, taking into account the relation (IB. 1011) of Appendix IB.ill we have 


Sf (T + AT) = iSp(0+ as f (r) , 

1 o 

A S F = (s a S F ) X a + - ( s a s a S F ) A 2 = -ihA a S\ a - -s„ (A a S) A 2 , 

3 = - (A a S) A a - i (s a A a S) A 2 - tr In (e + m) + ±A„, p [(e + (s h s 2 P) A 2 , (4.74) 


whence 


dfexp ( - -Sf 


= dV exp 


ih 

Sf + ih tr In (e + m) - — A a , p [(e + m) _1 ]£ (s & s 2 P) A^ 


= dV exp ( — S' 


(4.75) 


which implies that, due to the presence in S' of a non-vanishing contribution with A 2 , the corresponding modified 
quantum action S' generally does not describe a change of gauge-fixing: 

s'^ S + r Aa ^ Aa + 4 >aX a - \u 2 F' , U a = s“|^ A . (4.76) 

If we now require that S' = S + <j>\n Aa + 4 >aX a — (1/2) U 2 F' be indeed the case, then there arise the conditions 


Aa, P [(e + m) ^(sVP) =0 , (4.77) 

ih tr In (e + m) = — (l/2)f/ 2 AF , AF = (F 1 — F) . (4.78) 


If we furthermore assume that AF = AF (<j>, i r, A), which in the case AF = AF (</>) represents a change of the gauge 
in the Sp(2)-covariant scheme [TfZl [T5] . then the r.h.s. and l.h.s. of (14.781) are independent of the antifields (j> Aa , 4 >a, 

SX a _ SXg _ 

H*Aa Ha 

implying that the condition (14.771) is thereby fulhlled: 


Aa, P [(e + m ) _1 ]b (s h s 2 P) = A 0> p[(e + m)” 1 ]^ (s h s 2 P) = 0 , 

r p =(P,P), r£=(^, n Aa ,X A ) , P=(^ a ,^), (4.79) 
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because the generators s a are nilpotent in the subspace Hi = (<j> A , Tt Aa , A A ), namely, s“s 2 rk = U a U 2 V?- = 0. The 
remaining condition (14.781) therefore acquires the form 

3 = — U 2 AF , where S? = —trln(e + m) , (m)f = U a Xb . (4.80) 

2 in 

Due to the anticommutativity of U a , we can now make use of Lemma [G] of Subsection 14. II with a subsequent criterion 
which can now be represented as follows: the quantity trln(e + m) is BRST-antiBRST-exact ([/“-exact) to all orders 
of its expansion in powers of A a if and only if there exists such an even-valued functional A that 

U a X a = -U 2 A =► A a = U a A + i> a , [/>„ = 0 . (4.81) 


Thus, supposing that (14.811) is indeed the case and taking account of (14.281) . (14.291) . in terms of U a replacing s“, we 
find that the condition (14.801) is satisfied and reads equivalently 


In (l - Uj 2 A) - hj 2 (V> :2 ) (l - \U 2 A 


-2 


= m u2AF ’ 


r = 


(4.82) 


which is a compensation equation that expresses A in terms of a gauge variation A F and a certain solution ip a to the 
equation U a ijja = 0. The relation (14.821) can be accompanied by comments similar to those which follow (14.291) . In the 
particular case U 2 (ip 2 ) = 0, the relation (14.821) reduces to the usual compensation equation. 


5 Relating Gauges in Standard Model and Gribov Ambiguity 


Let us consider an application of finite field-dependent BRST-antiBRST transformations to a fundamental physical 
model describing almost the entire variety of the known elementary particles. Namely, we examine the Lagrangian 
description of the Standard Model [50l [511 [52l (54j [55l [56l [69j [70l [71] , which is an example of a Yang-Mills theory 
interacting with spinor and scalar fields. 

The classical non-renormalized action of the Standard Model in Minkowski space-time is given by the sum of several 
contributions: 


^SM — ^ d X /IsM ; /IsM — /Igauge fields Y /llept ons T ^quarks T ^Yukawa T ^Higgs ? 
where the Lagrangian density for the even-valued gauge fields AA(x) = (A^. A a ', Aft)(x) has the fornf°l 


r _ ^ f ^ tacl TAHva ^ taol taIavoi 

^gauge fields ^^5 

Uv = d lfi A v] , F; v = + gel/lAl , Ffr = + gJf^Al , 

A G m( 1) , G su( 2) , A^\a G su{ 3) , 


(5.1) 


(5.2) 


with Ta, a = 1,2,3, and (1/2) Aa, a = 1,...,8, being the su( 2) Pauli matrices and Hermitian traceless Gell-Mann 
matrices, satisfying the su( 2) and su( 3) commutation relations 


[Ta,Ta] = 2is ai& Tc , 

jk lk 


2 A “’ 2 A — 




The Lagrangian for the odd-valued leptons being Dirac spinors, reads as follows: 


3 r 


•^leptons — ^ 


k= 1 


\®h A j l £ + (A + ig A A l R 


10 The field A^ is not to be confused with the electromagnetic potential. 


(5.3) 


(5.4) 
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where l £ are left-handed 517(2)-doublets, 1% are right-handed 5C/(2)-singlets, g , g s , g' are the coupling constants, and 
7 ^ are the 4x4 Dirac matrices subject to the normalization { 7 ^, 7 ^} = 2rj^ u 1 with the Minkowski metric tensor . 
The quantified 4 ] £? = £^ £ = e akc and = / aj g 7 = fEtil. in (15.21) and (15.31) are completely antisymmetric. 

The QCD (quark) sector of the strong interactions described by the 3 quark generations (it, d), (c, s), (t, b), organized 
into Dirac spinors ( Uk,dk) T , has the form 


- _V 

-'quarks / J 
k= 1 


[ 

Uk 

• LL 


- 

1 7^ 

l 

. d 'k . 

L L 





Uk 


1 

^ -ifi 

_1 


4*7'' 


da ~ \ a - i^-A 




d'& r 


d.-ifA^ + i^A, 


J Ik 

% R f > 


d' k = U, 


kk' ik' 
CKM a 


u k = (it, c, t) , d fc = (d, s, b) 


(5.5) 

(5.6) 


where the respective left- and right-handed 5C/(3)-triplets (iifc,c4)f and (itfc,dfc)|j, are £?7(2)-doublets and SU{2)- 
singlets, respectively, and Uqkm is the Cabibbo-Kobayashi -Maskawa matrix m- 

The masses of particles in the Standard Model are generated by the Yukawa interaction term 


C 


Yukawa 




k=l 



d* 


l P u ’r + fk 


d* 


Vd k R + f l k Vlyl k R + h.c. 


(5.7) 


where /£, /(?, /(. are the Yukawa couplings, and the Brout-Englert-Higgs Lagrangian is given by 

£Hi ggs = \ | (id, + (g/2) A;r & + (g'/2) A,) \ ^ - ^>| 2 - ^| 4 , 


(5.8) 


where is a Bosonic field, being an S’17(2)-doublet, g 2 is a negative constant, and A is the Higgs self-interaction 
coupling constant. 

We consider the minimal Standard Model, which means that the neutrinos entering the left-handed SU (2) doublets 
l k L are assumed to be massless. 

The action Ssm in (15.11) is invariant with respect to the following gauge transformations acting in the configuration 
space AIsm: 


MsM = A i = {A™-^ I }{x) 


A 7 !, 


l k L A , Vf, l k R , Vk, (( Uk, dk) P L f , ((«*, dk)l) T , ((«fc, dk)i) , ((«fc, dk) f) J 




(s). 

(5.9) 


where [A\ A’; C\ = [(a, 1); (a', 1'); (c, 1)], [A; B] = [(a, 1); (/3,1)], and Dirac-conjugated spinors, such as V[, are assumed 
to be independent: 


s T, 1 ) (x) = J d A y (i?r. K) (*, y)s n (y) , a = (n,y), = (g, . 

Here, the generators R 4 ) ( x , y ) = (i?(j m (M), -R^(S)) ~ y) form the Lie algebra of the gauge transformations 

and read as follows: for the gauge fields 


{ d^ , m = 1 , n = 1 , 

d^S &i + gs h&i A^ , m = d,n = b , 
d^S^. + gJ^lA^l , m = a,n = P, 


(5.10) 


11 The explicit form of the Gell-Mann matrices A^, as well as the su( 3) structure constants / Q . ( s 7 , may be found, e.g., in J72I . 
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and for the matter fields T, 1 , 


KV) = 


fo, -ge &£i (l k L ) £ , yi k L ) (®), 

(o, -ge & ' £ \Vi) & , yVl) (x), 

(0, 0, g'l k R )(x), 

(0, 0, g'I k R )(x), 

(-g s f— ((uk,d k )l)-, -gs ieb (( u k ,d k )l) L , -\g'{u k ,dk)1 ) (x), 
(-gsf^-iiuk^kjl) 1 , -ge d ' £b ({u k ,d k )l) e , ~y{u k ,d k )1 ) (a;), 
(-5«/—Kfl)-, 0, -fff'tifcfl) (ar), 

(-&>/—' (rffeii)-, o, yd kR j (x), 

(o, gz ei v, y<p) (x), 


I = (a, 1), n = (p,b, 1), 
/ = (a',l I ), 



I = (a,d, 1 IV ), 
I=(a',d',l v ), 

* = & 1 VI ), 

/ = (d',l VI1 ), 

I = (c, l vnl ), 


(5.11) 


with fc = 1,2,3 and the structure constants F lmn in the sector of the gauge fields A™ given by 

Kg = F lmn 5(x - z)6(y - z) , F lmn = (o, ge bi& , g s f^x) , (5.12) 


for the 17(1), SU{2), SU( 3) gauge subgroups, respectively. The form of the structure constants for the given model is 
obviously consistent with (12.91) . taking account of the convention 


D rnn = ^mng^ 


p\mln 


(5.13) 


In (15.111) . we do not expose the explicit structure of the Dirac spinor indices, implying that it enters the index /, 
except for the gauge and Higgs fields. Besides, the scalar indices 1 and l 1 ,..., l vm correspond to the 17(1) group of 
the weak hypercharge. 

Under the assumption that the vacuum expectation values of all the fields are zero, we present the Higgs field tp 
as follows: 


0 


+ iC T a 

_ V + X _ 



C 2 + <1 
V + X - <3 


(5.14) 


where £ a are the Goldstone Bosons, 77 is the vacuum expectation value of the Higgs field, and x are fluctuations of the 
Higgs field. 

Let us choose a gauge Boson corresponding to an 7?^-like family of gauges, parameterized by a set of numbers £ = 
(Ci) £ 2 , £ 3 ) and related to the Landau and Feynman (covariant) gauges for £ = (0, 0, 0) and £ = (1,1,1), respectively: 


Ft (A,C) = ~ J d 4 x (A^A* + + A-A 2 ^) + i e ab J d 4 x (Ci C a C b + £, 2 C &a C &b + . (5.15) 


Using (12.21) . (12.61) (12.91) . we can now present the corresponding quantum action Sf (A) in the path integral (12.11) . 
In doing so, we extend the results of [lj, considering the part that deals with the Yang-Mills theory, in the sense 
that the relevant formulaj^l are now written down in the specific cases of the U (1), SU (2), SU (3) groups and 
feature contributions related to the presence of all the three cases, complete with the corresponding classical fields 
(A/j,,A“,Aji), as well as the ghost-antighost (C a , C aa , C— a ) and Nakanishi Lautrup (B, B a ,B—) fields. The quantum 
action Sf(A,B,C) corresponding to the gauge-fixing functional (15.151) reads 


S F , {A, B, C ) = Ssm (71) + (1/2) s a s Q [F € (A, C)] = S SM (A) + % (A , B; £) + S gh (A, C; £) + B add (C; $) , (5.16) 

12 Specifically, we use Eqs. (4.11)-(4.16) of [T], where f lrnn are identified with F lrnrl in 115.121 1. 
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where the gauge-fixing term S g {, the ghost term 5 g h, and the interaction term S/dd, quartic in the ghost-antighost 
fields, are given by 


S g f = / d 4 x 




B 


M) + | B s 


B a 


(WAf) + 


B— 


*Sgh — ^ £ a b I d X 


• i4 ~ (d^C a ) d^C b + {d»C aa ) D hb C bb + ( d^C 3 * ) Dy-C^ , 

S ad d = -^e ab e c dJ d 4 X (^^^be^cdfjdafjccfjbbfjdd + ^ g 2fC^f*T£ C Sa ( j 1 c c §b CS d'j 


In (15.1511 . the gauge-fixing functional F 0 (A,C), with £ = (0,0,0), 

F 0 {A,C) = ~ J d 4 x ( A^ + A*A & i* + AfA^) 


(5.17) 

(5.18) 

(5.19) 


(5.20) 


induces the contribution 5 g f [A, B ) to the quantum action that arises in the case of the Landau gauge, x m (-4) = d^-A™, 
whereas the functional Fj_ ( A , C), with £ = (1,1,1), 

Fi (A, C) = J d 4 x (. A m A^ + + AfA^) + i s ab J d 4 x ( C a C b + c aa C ah + c^C^) , (5.21) 

corresponds to the Feynman gauge, x m {A, B) = d^A™ + (1/2) B m . 

In order to find the parameters A a = s a A of a finite field-dependent BRST-antiBRST transformation that connects 
an R% gauge with an gauge, according to (12.2411 . we need the quantities A F$, s a (A F(), s a s a (A F^), which are 

evaluated using 

AF € = F i+A€ -Fe = ^e ab J d 4 x (A £ 1 C a C b + A &C~ aa C ab + A£ 3 C^ a C^ 6 ) , 

s a (A F € ) = ^Jd 4 x (A£iRC a + A£ 2 R“C' aa + A£ 3 B-C- a ) , (5.22) 

— S S a (Ai/c) = (Rgf + Sgh + ‘S'add) | £_j-A£ ~~ (^gf T ^>gh T Radd)^ j 
with allowance made for (12.71) . (15.121) and R m = (R, R“, B —), C na = (C a , C aa , C— a ), 
s“4(i) = = (C(4),^(S)) C" a (x) , 

- i S 2 A*(x) = Yi(x) = (nr(4),^(S)) R n (x) - ieab ^jr"»«*c7™R£"C» 6 , ® R„ J (E)C“C mt j (x) , 
s°R m (x) = X™ a (x) = R min (^B n C la + ^F nrs C sb C ra C lc e c ^j (x) , 

-i s 2 R m (x) = F 2 m (x) = 0, 

s°C ,mh (x) = X^ ab (x) = - ^ £ ab R m + ( x ) 5 

_ l s 2 c , m a (;r) = Y 3 ma (x) = -2X™“(x) , (5.23) 

which determines the finite BRST-antiBRST transformations <p A —> 4> /A = <f> A exp(V a A 0 ) in the Standard Model. 

As a result, the functional parameters A a = s a A that connect an R^-like gauge to an R|+A£-like gauge are given 
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by an extension of the result [T], featuring the contributions related to all the three groups U (1), SU (2), SU (3): 


Aa = ^Sab j d 4 x (A£i BC b + A &B & C ab + A&B-C-’) 


E 

n—0 


l 


(n + 1)! ( 4 ih 


1 


ttt / d 4 y 


A^i B 2 + A£ 2 ( B & B & - £ &bi £ scd c d c c ee C hd C' a % cd c 


eg 


( 2 \ 1 ^ 71 

B—B— - fa^_f^jS_C- c C^- e C^- d C— 9 £ cd e eg J l 

where the corresponding potential A is given by 

A = ab J d 4 x (A& C a C b + A&C aa C ab + A£ 3 C- a C- b ) 


E 

n —0 


l 


(n + 1} , |E J d 4 y A &B* + A£ 2 ^“5“ - A £ «^ E ec ri o rc « ca9£d£e9 


+ A£ 3 - ||/^A/AlAc'- c C , ^ e C'^ d C , ^% cd £e ff ^ | . 


(5.24) 


(5.25) 


This solves the problem of reaching any gauge in the family of A^-likc gauges, starting from a certain gauge encoded 
in the path integral by a functional F^. within the BRST-antiBRST quantization of the Standard Model, by means 
of finite BRST-antiBRST transformations with field-dependent parameters A 0 . 

According to m, the generating functionals of Green’s functions for the Standard Model in R^-like gauges read 
as follows: 


ZsM,z{J,ri) = I dcj) exp<( - 


- 5 sm(A) — -F^s 2, + JaF 


v) 


exp 


^r SM , {(</>, v) 


= j dcf) exp - 


= exp 

«-2 . £t sm ,j(</>) /, a 


*mM) - ^.eA 2 + "-^ipr 2 - (^ - f A ) 

where the effective artiorfh Fen .fit i . is the Legendre transform of Wsm with respect to Ja, namely 


^SM^(<f>,v) = W S M,z(J,v) - JA& , where c/> A = 


A ^Wsm <5Tsm 


SJ a ’ i H A 


= —Ja ■ 


(5.26) 

(5.27) 

(5.28) 


The modified Ward identity (12.25|) for ZsM,£(J,ri) depends on field-dependent parameters, A a (A£) = A (A£) *77 a in 
(15.2411 . and has the form 


1 + t^a 
n 


X Aa \ a (AH) - -Y a A 2 (A|) 


e ab J A X Aa J B X Bb A" (A|) 


1--A(AC)V 


f -2 \ -2 


= 1 


Fe,J 


(5.29) 

The non-Abelian nature of the gauge group, because of the differential gauges m implied by the gauge Boson 
(15.151) . leads to the Gribov ambiguity |44j . described initially in the Coulomb gauge, and controlled in the Gribov- 
Zwanziger theory [45l l46l by using the horizon functionals ho and h 3 in the Landau and Feynman gauges, respectively. 
For contemporary considerations, justified by lattice calculations of Gribov copies, see, e.g., ns iza Eg. For applica¬ 
tions of the Gribov-Zwanziger theory in the Coulomb, Landau and maximal Abelian gauges, as well as in covariant 
gauges in the pure Yang-Mills theory, see [79l [8Ql EU E21 E31 EH [85l [86l [H3 188] . Notice that there exist other 
approaches intended to eliminate (or bypass) the Gribov ambiguity problem: first, the procedure of imposing an 
algebraic (instead of differential) gauge on auxiliary scalar fields in a theory which is non-perturbatively equivalent 

13 The minimal Standard Model on a nontrivial gravitational background with g^ u {x) = rj^u +... has been examined, e.g., in m, where 
the effective action, depending on g^ and 77, was determined on the mass shell. 
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to the Yang-Mills theory [59] jj30J E] , second, the procedure of averaging over the Gribov copies with a non-uniform 
weight in the path integral and the replica trick j92]]93|, third, the incorporation of the Gribov factor (restricting the 
functional measure in the path integral to the first Gribov region) into the Faddeev-Popov matrix, thereby modifying 
the gauge algebra of gauge transformations [33]. 

As we turn to the Gribov ambiguity problem and Gribov-Zwanziger theory, it should be noted, first of all, that 
the Landau gauge implies, due to the preservation of the gauge condition when extracting the unique representative 
from the gauge orbit of field configurations in terms of the equation 

d,u (A» m (x) + 5A» m (x)) = d^ m (x) =► J d 4 y d„R>T(x,y)<; n (y) = d M (s) = ( 0 , 0 , 0 ) , (5.30) 

that, in addition to a vanishing solution Sq(x) = ( 0 , 0 , 0 ), there also exist many smooth solutions <;™ ki k2 )( x ) = 
0,cL (x) for configurations of the non-Abelian gauge fields A M °,A M — vanishing at the spatial infinity in Minkowski 

space-time. Second, the Gribov-Zwanziger theory implies the sum of the horizon functionals corresponding to the 
SU( 2 ) and SU( 3) gauge groupJ^l: 

ho(A) = hr 2) +h S 0 U{3) , (5.31) 

C (2) = 7ifl 2 J d 4 x d 4 y e &bc Al {x) (k~ 4 ^ Oi V ) £ dec A^ (y) + 4 • 3 ^\g 2 , (5.32) 

C (3) = lldl J d 4 x d 4 y /^4 (x) (k~ 4 {3) )- (x; y) f^A^ (y) + 4 • 8 , (5-33) 

where h 0 does not depend on the matter fields £ 7 , and Kg ^ N )’ A = 3, is the inverse, 

J d 4 z (aT“ 7 (jv) ) (x-,z) (K su{N) ) ln (z-y) = j d 4 z (aT“ 7 (jv) ) (a:; z) {K su{N) ) lm (z; y) = S mn 6 {x - y) , (5.34) 

of the (Hermitian) Faddeev-Popov operator, K™y, N -, = d^D™ n , induced by the gauge-fixing functional F 0 . Here, the 
thermodynamic (“Gribov mass”) parameters 71 and 72 of [45[ l46| are introduced in a self-consistent way using the 
gap equations for the functional Sp 0 ,hi being the Gribov-Zwanziger action in the BRST-antiBRST approach to the 
Standard Model, 

w 

™ c = 0 , where *=1,2. (5.35) 

O^i 

Here, we have used the definition of the vacuum energy £ vac and introduced a modified quantum action for the 
Gribov-Zwanziger model as an extension of the Yang-Mills quantum action Sf 0 in (15.161) . using the Landau gauge: 

S Fo ,h A) = Ssm(A) - i (F 0 V 2 ) {</>) + h 0 (A ), (5.36) 

The action Sp 0 ,h {&) is non-invariant under the finite BRST-antiBRST transformations: 

S Fo ,^exp[V a A a ]) = S Fo , h (<f>) + Ah (A = S Fo ,h(4>) + (h 0 ^ a \ a ) (</>) + l (h 0 A 2 X 2 ) (</>) ± Sf 0 A4) • (5-37) 

The covariant gauge implies two options: one of them preserves the gauge independence of the conventional S- 
matrix, according to the BRST-antiBRST extension [I] of the Gribov-Zwanziger theory, and the other one determines 
the horizon functional in terms of transverse-like non-Abelian gauge fields [64] (see, as well [Ml)- Let us examine the 

14 Further on, the consideration of the Gribov-Zwanziger theory is based on the assumption that we deal with the R 4 Euclidean space-time. 


d"ii 1 l 


dcf) exp ( —SfoJi 
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first option, which implies a finite BRST-antiBRST-transformed functional h Q (A)\ 


hz(A,B,C) = hl u{2 \A,B,C) + hl u{3) (A,B,C) 

1 00 1 / i 

h^A,B,C) = h 0 + — (s a h 0 )(s a AF^Y / 


w '•»> (sAF » 2 


E 


—' (n + 1)! V 4zfi 

=0 x y ' 

a 


- S fe S6 AF € 


(n + 1)! \4i/i 


b 

s J SbAF^ 


n —0 


(5.38) 


Here, s°/io = s a (jiQ U ^ + dg 77 *- 3 ^ are given by the following expressions, with account taken of the definition (15.121) 
for the structure constants F lmn : 


a h S 0 um = 7 2 g 2 e™ e e aig [ d 4 x d 4 y 


2DfCP a (x) (K~ 4 {2) y d (x-,y) 


- ge^ s / d 4 x 


( \ aq _ „ / \ sd "1 

k su(2)) ^x')K^ m {x'^)C ua {y')(K- 4 {2) ) (y'; y)J A efl (y) , (5.39) 


A^(y) , (5.40) 


(y) 


s a h S 0 U{3) = T*g* a fB£Lfl*l J d 4 x d 4 y 2 D^ce* (x) (i^ (3) ) (x; y) 

- 9sf—J d 4 x' d 4 y A.f(x) (aT“ 4 (3) ) — (x-,x')K^ 3) {x';y')C za (y') (aT<^ (3) ) — Ww) 
whereas s 2 ho = s 2 (jiQ U ^ + hg U ^ 3 ^ is given by 

s 2 ho = S 2 h s 0 u(3) + 7i y e &U e £di J d 4 x d 4 y {4 (-Df& + | e m C* a DfC fb e ab ) (x) (a^ (2) ) ^ (x; y) A* 

+ 2 e ah Df& a (x) (. K - s 4 {2) ) (x;y) (y) 

dV d 4 y' D“C- 8 “ (a:) (i^ (2) ) (x; x') K %, {2) (x'; y') C“ b (y') (a^ ( 2) ) (y'; y) A 8 " (y) 

+ gtP* J d 4 x' d 4 y' A ]= (x) J d 4 x" d 4 y" (a^ (2) ) “ (x; x") (x"; y") C^“ (y") 

^sa( 2 )j ( 2 /"; *0 AT^ (2) (x'; y') C« b (y') (i^( 2 )) (y'; y) - (a'^ (2) ) (x; x') A^ (2) (x' ; y') 

I<SU( 2 )) (I/'; 2 /) + 2 (a 7 ^ (2) ) (*; *') *& (2) (x' ; y') (y ') (ji^ (2) ) (y' ; y) 

( \ ap 

^( 2 )) (x; x') A'|^ 7 . (2) (x' ; y') ( 7 ® a (y') 

d 4 x" d 4 y" (k- 4 {2) ) (y' ; x") i^ (2) (x"; y") C™ b (y") (a^ ( 2) ) (y"; y) 


^ (y) • 


(5.41) 


Here, s 2 h,Q U< ' 3 ' 1 has the same form as s 2 Hq U ^, in which one makes a replacement of the expressions ye abc , ( K , K~ 4 )su( 2 ) 
and the S[/(2)-indices by the expressions g s f^A, {K,K~ 1 ) SU ^ and the S£7(3)-indices, respectively. The quantities 
s a AF^, s a s a AF l £ and A|(0) in (15.381) are given by (15.221) and (15.241) for A£ = £, which relates the Landau gauge to an 
arbitrary i?^-like gauge, 


ZsM,h t = / dtp exp 


Ssm - 2 F ^ 2 + h ° exp (^ aA Ck) 


(5.42) 


in a manner respecting the gauge-independence of the corresponding ^-matrix. In turn, the modified Ward identi¬ 
ties (|2.25l) for the generating functional ZsM,h 0 (J,g) are obtained in the same way as for the generating functional 
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Zsm,^(,J,ii) (15-261) without the horizon functional (15.431) . 


1 + t [J a4> A + ho] 


^“Aa(0 + JV 2 A 2 (|) 


4 \ h 


{j A ct> A + ho] Y a [Jb 4> B + ho] T a A 2 (£) 


1-^A(|)V 2 '- 2 


= 1 . 


(5.43) 


ho , Fq , J 


which are reduced, at constant parameters A a , to an Sp(2)-doublet of the usual Ward identities (at the first order in 
A a ), as well as to a derivative identity (at the second order in A a ), 


((Ja + ho > 


)h 0 ,F 0 ,J 


= o , ((J A + ho, a) [2F a + (i/h)e ab X Aa (J B + h 0 , B ) X Bb ] ) ho , Fo J = 0 


(5.44) 


for the non-renormalized Standard Model in the Gribov-Zwanziger approach. Here, the symbol u (O)h o ,F 0 ,j” f° r a 
quantity O = 0(<f) denotes a source-dependent average expectation value with respect to ZsM,h a (J,v) corresponding 
to a gauge-fixing Fq: 


(®)ho,Fo,J ~ Z SM , ho 


( J, v) 


dcj> O ((f)) exp <{ — 


1 


SsM — n^O^J 2 + ho + J A <fZ 


with (1) 


h 0 ,F 0 ,J 


= 1 . 


(5.45) 


The modified and standard Ward identities for Green’s functions are readily obtained from (15.431) and (15.44|) . respec¬ 
tively, using differentiation over the sources. These identities are fulfilled in the tree approximation and provide a 
basis for the study of pa renormalization procedure using an appropriate gauge-invariant regularization. We intend to 
study this problem in separate research. 


6 Discussion 

We have extended the results and ideas of our previous study mm® and have also applied them to the Lagrangian 
description of the Standard Model. The main results of the present study are given by Sections El [4j devoted to 
the calculation of functional Jacobians, which requires only the definition of such a Jacobian and does not have 
recourse to functional integration in itself. We have proposed and applied an explicit recipe of exact calculation of the 
Jacobian for a change of variables in the vacuum functional corresponding to finite field-dependent BRST-antiBRST 
transformations with a linear dependence on functionally-dependent parameters in Yang-Mills theories and first-class 
constraint dynamical systems, given, respectively, in Sections 13.II and l3J2l by the relations (13.91) . (13.101) and (13.301) 
(13.321) . This implies that thus linearized finite BRST-antiBRST transformations can be interpreted neither as global 
symmetry transformations of the integrand, nor as field-dependent transformations inducing an exact change of the 
gauge-fixing functional, despite the hope of the authors of [27]; see Eqs. (3.1)-(3.7) therein. At the same time, we 
have evaluated the Jacobian for a change of variables in the vacuum functional corresponding to finite field-dependent 
BRST-antiBRST transformations with arbitrary functional parameters A a (</>) ^ s a A(</>), in Yang-Mills theories, first- 
class constraint dynamical systems, and general gauge theories, (14.161) . (14.171) . (14.581) . (14.711) . (14.721) . which is the main 
result of the present work. It is demonstrated that the Jacobians are reduced to the previously known Jacobians in 
the case of functionally-dependent odd-valued parameters X a = s a A, whereas in general gauge theories the Jacobian 
(14.711) has been obtained for the first time. We have demonstrated that in the general case A a ^ s a A (more exactly, 
s a A a 7 ^ s a s a A) the Jacobian fails to be BRST-antiBRST-invariant, which implies the inconsistency of the compensation 
equation with such odd-valued parameters, and thereby entails the appearance, under such a change of variables, of 
terms which cannot be absorbed into a change of the gauge Boson, used in ED US to provide the consistency of the 
compensation equations by using a suitable choice of the parameters in a functionally-dependent form. We have found 
that the set of functionally-dependent parameters A a = s a A generated by an s a -gradient of an Sp(2)-scalar A can be 
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extended by an s a -divergence of a symmetric Sp(2)-tensor namely, A a = s a A + which, as shown by 

(14.281) . (14.401) in Yang-Mills theories and by (14.821) in general gauge theories, produces a non-trivial contribution to the 
Jacobians, thereby modifying the compensation equations, (14.29|) . (14.821) . and affecting the change of the respective 
gauge Boson. In Yang-Mills theories, we have found the solutions (14.301) (14.321) of the modified compensation equation 
(14.291) . in particular, a non-trivial solution (14.311) which induces a zero change of gauge-fixing, A F = 0, resulting in 
a Jacobian equal to unity, exp (3) = 1. We have also presented (14.471) the BRST-antiBRST-non-exact contribution 
3? to the Jacobian induced by finite BRST-antiBRST transformations with arbitrary functional parameters. This 
contribution is to be regarded as an extra part of the transformed quantum action in the integrand (14.481) . The same 
holds true for general gauge theories, in view of (14.751) . (14.761) . 

Having applied our results [1] to the evaluation of Jacobians in the case of Yang-Mills theories, we have explicitly 
constructed the functionally-dependent parameters A a in (15.241) induced by a finite change of the gauge Boson 
(15.221) in the quantum action of the Standard Model (15.161) , which generates a change of the gauge in the path integral 
within a class of linear 3-parameter i?£-like gauges, realized in terms of the even-valued gauge functionals in (15.151) . 
with the values (£i, £ 2 , £ 3 ) = 0,1 corresponding to the Landau and Feynman (covariant) gauges, respectively. We have 
obtained a modified Ward identity (15.291) for a generating functional of Green’s functions -Zsm,£(T, rf) depending on 
field-dependent parameters, A a = AV a , which reduces to the usual Ward identity for a constant doublet A a . 

In order to eliminate residual gauge invariance, i.e., Gribov copies, and to determine a consistent path integral for 
the Standard Model in the entire set of field configurations, we have explicitly constructed the Gribov-Zwanziger theory 
in the BRST-antiBRST Lagrangian description of the Standard Model. The construction extends the quantum action 
in the Landau gauge by a BRST-antiBRST non-invariant horizon functional ho in (15.311) (15.331) . We have found the 
horizon functional given by (15.381) (15.411) in arbitrary i?.£-like gauges by means of field-dependent BRST-antiBRST 
transformations with the parameters A a given by (15.241) and providing the gauge-independence of the conventional 
S'-matrix related to the Gribov-Zwanziger path integral Zsm,/i s (? 7) in (15.421) . We have obtained the modified (15.431) 
and usual (|5.44p Ward identities for the generating functional of Green’s functions ZsM.h 0 {J:V) providing a basis for 
renormalization. These are the main results of Section [5j 

As has been noticed in Introduction and SectionjSj there remains another option to determine the horizon functional 
in covariant i?£-like gauges, which lies in transverse-like non-Abelian gauge fields [64], recently examined also in [94j . 
Namely, the Faddeev-Popov operators Ksu(n)(£), N = 2,3, retain the same formal structure at any values of the 
gauge parameters £. With this in mind, let us consider some extensions K % f° r * = of the 
Faddeev-Popov operators in i?£-like gauges (15.151) . 


Ki\su( 2 )(A, B- — Fsu( 2 ) 
^i\SU( 3 ) (^’^>^ 3 ) = K~SU( 3 ) 



2 J 




d^B £ \ 

~& r J 

/rTB2 



where (xf b (&)) f = Rf (&0 , 

, where 3 )^ = , 


( 6 . 1 ) 


= d M -D“k, = d^Djr~), which are Hermitian with reference to the scalar products in the spaces of 

square-integrable functions /^(R 1,3 ) taking their values in the respective Lie algebras su(N ), N = 2,3, 

{f,I<i\ SU (N)g) {N) = (9,Kl lsu{N) f) (jv) , where (/, K i]su{N) g) {N) = J d 4 x d 4 yf m (x)K^ um (x;y)g n (y) , (6.2) 

with arbitrary test functions f m ,g n € /^(R 1,3 )- The eigenvalues A(j fc , n = (b,/3), k = 0,1,2,..., in the equation 
^mn(£) u n _ A(| fc u£ are real-valued and are to determine the Gribov region ^(^ 2 ,^ 3 ) as follows: 


H(6,6) = A% Af : (A% Af) = -- (fi 2 B\ £ 3 B—), (l< 


ab 

SU( 2) 


K~ ^ 

iV ST/(3 )) 


> 0 


15 The Hermitian extended operator K^gjj^ N ^(A, B ;£) suggested in m was written with mistake. 
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The Hermitian operators K™su( N )(x) cannot be used equivalently, i.e., for any i = 1,2, to determine the eigenvalues of 
non-Hermitian operator Ksij(n) (£iv)- Indeed, a definition of the Gribov region requires that Ksu( N ) (6v) positive 
definite. The case of i = 2 does satisfy this condition, and so we propose a form of the Gribov-Zwanziger functional 
in R$ -like gauges, 

h T {A,B; ^ 2 ,^ 3 ) = hsir(2)(A, B;^) + B; £ 3 ) , (6.3) 

4(2)(A5;( 2 ) =ll(£)g 2 J d A x d A y e a6e Ajf (x) (Xysup)) ( x > v) s d&c A tieT (y) + 4 ■ 3g 2 j?(£) , (6.4) 

h su( 3 ) (A 6) = 72 0)9 a J <^x d 4 y f— A f (x) (k 2 \su( 3 ))~ ( x >y) f^LA^ T {y)+ 4 • 8 3^2 (^) • ( 6 - 5 ) 


which determines the Gribov region f2(£). The thermodynamic Gribov parameters 7 ? (£) must depend on the gauge 
parameters £ so as to be determined in a self-consistent way from the relations (15.351) . (15.361) . involving the functional 
SF 0 .h {4>) and the vacuum energy £ va c(£)- 1 11 fact, the parameters 7 j 2 (£), * = 1,2, must depend on £ 2 ,^ 3 , albeit with 
the horizon functional h T (A, B\ £ 2 , £ 3 ) in HOP . instead of h 0 given by the Landau gauge. The suggested introduction 
of the Gribov-Zwanziger horizon functional is based on a representation of the Yang-Mills connection by using the 
transverse, zl“ T ,A^ T , and longitudinal, A a ^,Ag, components: 


(Af,Af) = (s; - (Al,A£) = (A*, Aft + , 

(Af,Af) = (A$,A*r) = -J^(6 B & ,^) , (6.6) 

so that the i?^-like gauge induced by the gauge Boson in (15.151) is equivalent to the conditions 

& (Af, Af) = 0 , (Af, Af) = &B*) . 

As a consequence, the operators R'^suci) an( f 3 ) are n °thi n g else than the Faddeev-Popov operators for the 

transverse components of the gauge fields ^Af, Af^ , which determine the physical degrees of freedom, 

'(d^sgd^) + [ge^Af,g s f^Af)\ = (ii# u(2) , Af§ (3) ) (A T ) . 


(Tsab K— \ — 
{^2\SU(2)A^ 2 \SU(3)) 


= d* 


(6.7) 


To provide a justification of the horizon functional (16.31) . (16.51) . we examine the following 
Proposition 7 For the transverse components ^Af ,Af^ G ^(^ 2 ,^ 3 ) of the gauge fields, the equations 

(Kg {2) (Afi b ,Kg {3] (A),l) = ( 0 , 0 ) 


( 6 . 8 ) 


for arbitrary field configurations (A“, Af admit only the vanishing solutions (g b ,g—) = (0,0) in the class of functions 
regular in £ 2 , £3 ■ 

A proof is based on the hermiticity of xg^ (A T ), xg^ (A T ), due to the relations (16.II) . (16.71) . which implies their 
invertibility and positive definitiveness. The regularity imposed on the respective zero-mode parameters <r(x, £ 2 ) = 
<^(£ 2 ), <?— (x, £ 3 ) = c—(£ 3 ) for the operators Xg^(A), xg^ implies the possibility of their representation as power 
series in the respective gauge parameters £2 ,£ 3 , 


n>0 n>0 


(6.9) 
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which converge within certain convergence radiuses R 2 , R 3 , respectively. From (16.81) it follows that 




1 ( 


add ( ts —1 

JX 2\SU{2) 


)"" 9„ (^) d(&) , (^) A&) 


( -1 \ ba 

K 2\SU(2)) 9, 


“a 5- 


— En>0 

E„> 0 ^te)" = -f f^En>0(& n+1 (k~\Iu { 3 ))-^ [^] = £n>0 


(6) n+1 ^, 


(6) n+ Vl 


( 6 . 10 ) 


( 6 . 11 ) 


The system of equations (16.111) for unknowns functions ?| at a fixed order in n, starting from n = 0, yields the 
solution __ 

(ci c 0 -) = (0,0)W(^, 4) = (0,0). (6.12) 

Therefore, cl) = 6 ^- 1 ) implies subsequently (?£, cl) = 0, (c£, cl) = (0,0), for n = 1,2,.... As 

a result, the series (16.91) in their respective convergence regions i? 2 , R 3 vanish identically, which thereby proves the 
proposition. 

Notice that the choice for the zero-modes of the respective Faddeev-Popov operators to be regular in £ 2 , £3 is 
based on the assumption that we obtain the Gribov region for the Landau gauge in the limit {£, 2 , £ 3 ) —> (0,0). At 
the same time, Proposition [3 means that the Gribov region fl(£ 2 ,(; 3 ) contains only the transverse components of the 
gauge fields: 

n(£ 2 ,&) = {Af,Af : d» (Af ,Af ) = (0,0), (k$ u(2) , K$ u(3) ) > o} . 

We can thereby construct the Gribov-Zwanziger theory in arbitrary (covariant) A^-likc gauges, suggested earlier 
[64l [94], as an extension of the BRST-invariant Faddeev-Popov action for the Yang-Mills theory in the case of a 
BRST-antiBRST-invariant quantum action for the Standard Model, in a way different from the one suggested by the 
equation (15.421) for ■ Our proposal has the form 


S Fith T = Ssm(A) - (l/2)Ft<F 2 + h T (A,B;{ 2 ,{ 3 ) ■ 


(6.13) 


There remains the question of establishing the coincidence of ZsM,h ( (v) in (15.421) with Z SMh r( 7 f) determined using 
h T (A,B]£ 2 , 6 ), namely, 


ZsM,hJv) = ^sm ( 77 ) 


(6.14) 


We intend to study this problem in separate research. 

In addition, there are various lines of research for extending the results of the present work. First, the study of finite 
field-dependent BRST transformations in the multilevel formalism [951196j involving non-Abelian hypergauges and a 
non-trivial geometry. Second, the study of the Gribov ambiguity in generalized Hamiltonian formalism, as well as the 
study of a Hamiltonian Gribov-Zwanziger theory - see [5H - for Yang-Mills theories in the Lagrangian description 
using different gauges by means of finite field-dependent BRST(-antiBRST) transformations. Third, the study of an 
explicit relation between the two approaches using the finite field-dependent BRST transformations in the Yang-Mills 
theory [24, 29] and general gauge theories m- Fourth, the influence of renormalizability on the properties of the 
ingredients of BRST-antiBRST quantization at finite BRST-antiBRST transformations is also an open problem. We 
are, however, convinced that the presence of a gauge-invariant regularization which respects the Ward identities will 
replicate the properties of the non-renornralized theory by the properties of the renormalized one. 

In the Standard Model, due to the presence of chiral Fermions in the lepton sector, described by the Lagrangian 
& one can adopt a gauge-invariant regularization as the higher derivative regularization @3 [98], which is the 
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Pauli- Villars regularization extended by higher-derivative terms. The first successful application of this regularization 
to the calculation of the one-loop effective action in the BRST-invariant Yang-Mills theory has been given by [99] 
unoi [Ton . This regularization, when adapted to N = 1 supersymmetric field theory models [ 1021 , 103] , preserves 
explicit supersymmetry, unlike the standard dimensional regularization, and has been recently elaborated in the 
N = 2 supersymmetric Yang-Mills theory interacting with matter |104j . thereby respecting gauge invariance and 
N = 2 supersymmetry. In its turn, the dimensional regularization has been recently used [105] to study the problem 
of gauge-dependence in terms of the Ward identities, including the case of beta-functions, for renormalizable and 
non-renormalizable general chiral gauge theories in the BV quantization method. This regularization can also be 
implemented, but only in those parts of the Standard Model which do not include the lepton fields. The dimensional 
regularization has been partially applied [ 106] to the electroweak sector described by the Lagrangian (15.21) . This 
is done using the method of algebraic renormalization [ 107] and aiming to describe electroweak interactions in the 
Standard Model to all orders of perturbation theory under BRST symmetry, with the infrared-finiteness of the off- 
shell Green functions, however, without the fulfilment of the Gribov “no-pole condition” 44] for the ghost Green 
functions. Therefore, a mathematically rigorous renormalization of the Standard Model in BRST and BRST-antiBRST 
quantization remains a topical problem. 

Let us finally mention the search for an equivalent local description of the Gribov horizon functional by using 
a set of auxiliary fields, as in [15] , such that it should be consistent with both the infinitesimal and finite forms of 
BRST-antiBRST invariance. 
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Appendix 

A Linearized Transformations 

In this appendix, we make an explicit calculation of the Jacobian corresponding to linearized finite BRST-antiBRST 
transformations, i.e., transformations corresponding to the part of finite BRST-antiBRST transformations being linear 
in parameters of a special form, A Q = s a A. To this end, notice that, in virtue of (13.31) (13.81) . the quantity 3 can be 
subsequently transformed as follows: 


o° xn ” /_1\« ° / 1\" ” C_lY 

3 = - V 1- Lstr (M n ) = -Y - - ’-Sir (P + Q) n = - V i-L Str (P + Q) n - V A-Lstr (P + Q) r 

z —' n ' n ' n n 

n= 1 n= 1 n— 1 n=4 


oo / x n 


oo f -\\ n 00 0 ( 1 \ n ^ ( A\ r ‘ 

= - ^-Str (P n ) - (-!)" Str (P n ~ 1 Q) - ^-^Otr (p"- 2 Q 2 ) - ^ 4—-A'„Str ( P n ~ 3 QPQ ) 

n= 1 n= 2 n—2 n=4 


OO / 1 v 71 


OO / \71 


= - Y, "—Str (P n ) - -Str (Q 2 ) + Str (PQ 2 ) + ^ (-l) n Str ( P n Q ) + - ^ (-l) n nStr ( P n QPQ ) . (A.l) 


71=1 


71=1 


71=1 
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whence 


1 OO 

(QP) + ^J2(-l) n nf n - 1 Stv(QPQP) . 

(A-2) 


n=l 


oo / x n i oo 

3 = - Y [ -^ L f n ~ 1 S tr (P) - -Str (Q 2 ) + Str ( QPQ) + Y (-l) n /"^Str 

n—1 n—1 

Finally, 

oo / -. \n oo 

? = 2 X] f n - Str (P) + (1 + /) Str (Q 2 Q) + Str (Q 2 ) £ (-1)" f n ~ x (1 + /) 

n=l 


n= 1 


1 oo 

+ 2Str (Ql) J 2 (- 1 ) 71 n / n_1 (! + /) 2 = - 2 ln (1 + /) + « 

n —1 


where 


K = -Str (P) + (! + /)• Str (Q 2 Q) + ?(/)• Str (Q 2 ) + ^ (/) ■ Str (Q 2 ) , 


OO OO 

¥>0*0 = (1 + x) Y (-1) "hr" -1 , ip(x) = (1 + x) 2 Y (-1 ) n nx n ~ l . 

n =1 n =1 

Let us study the formal series ip ( x ) and ip (x): 

OO OO 

¥> 0) = (1 + x) Y ( -1 )” xn_1 = - C 1 + x ) Y = - (! + x ) 

n= 1 m—0 


(i + *) 


= -l 


OO r\ OO a / 

ip(x) = (1 + = ( 1 + a; ) 2 fa ( -1 ) n xn = ( 1 + ;c ) 2 fa ( 

71=1 71=1 ^ 

= (1 + x ) 2 ^= - (1 + X ) 2 --- 2 

dx \l + xj (l + x ) 2 


■ - 1 


■ = -1 


Therefore, 

5ft = -Str (P) + (1 + /) Str (Q 2 Q) - Str (Q 2 ) - ^Str (Q 2 ) = -Str 
which proves the relation (13.91) . 


R+ Q2+ ^ Q2 — (1 + /) (Q2Q) 


(A.3) 


(A.4) 


(A.5) 


B Transformations with Arbitrary Parameters 

In this appendix, we prove Lemmas [T] [5] and present explicit calculations related to the Jacobian of finite BRST- 
antiBRST transformations with arbitrary field-dependent parameters A a . 


B.l Proof of Lemma |T| 

Considering the relations (14.41) . we examine the quantities Str (P n-1 P) which obey 

Str(P”- 1 fl) = ( S ‘ r(R) ’ n=1 ’ 

V ’ \ 0 , n> 1 . 

Indeed, due to YgX Bb = 0, we can write down a chain of relations: 


43 










(RP)i = r£pB =-\ a 2 ( 

(rpY b = (RP)dPE = 0 , 


SY A 


X 


Db 


^ = 0 
B W ’ 


5(j) 


{RP n ~ l ) A B = {RP)D{.P n ~ 1 ) D B= 0 , n > 1 . 

Using the property Str (AP) = Str (PA) for even matrices, 

Str (P"" 1 #) = Str (RP 71 - 1 ) = 0 , 

n = 1 , 
n > 1 , 


we arrive at 


Str {M n ) = Str (P + Q) n + nStr (P"” 1 #) = 
which thereby proves Lemma [TJ 


Str (P + Q) + Str (R) , 
Str (P + Q) n , 


(B.2) 


(B.3) 


B.2 Proof of Lemma [2] 

Considering the contribution Str (P + Q) n in (14.5|) . we notice that an occurrence of Q ~ A a more then twice yields 
zero, A a AhA c = 0. A direct calculation for n = 2,3 leads to the binomial rule 

n 

Str (P + Q) n = C *Str (P n ~ k Q k ) = Str (P n + nP^Q + C*P n ~ 2 Q 2 ) , (B.4) 

k—0 

whereas the case n = 4 fails to conform to this rule due to the presence of the products PQPQ and QPQP , which 
cannot be rearranged to the form Q 2 P 2 under the symbol of supertrace by using the property Str (AB) = Str {BA). 
On the other hand, this property allows one to present the case n = 4 as follows: 

Str (P + Q) 4 = Str (P 4 + 4P 3 Q + 4P 2 Q 2 + 2PQPQ) . (B.5) 


The consideration of the case n > 4 is simplified by the fact that one needs to keep track of the products that 
contain the matrix Q no more than twice, i.e., we only need to retain P”, P n ~ 1 Q and pairs of Q’s, while separating 
the expressions reduced to P n ~ 2 Q 2 from those containing pairs of Q’s so “sandwiched” between P’s as not to allow 
their rearrangement into P n_ 2 Q 2 by using the property (13.31) . Starting from the case n = 4, given by (|B.5I) . and 
considering a monomial p 2 q 2 composed by c-numbers p, q, we find that under the symbol of supertrace the coefficient 
C 2 decomposes into C\ for P 2 Q 2 and C\ for {PQ) 2 , C 2 = C\ + C%, so that 


Str (P + Q ) 4 = J2 Cl Str ( P 4 ~ k Q k ) + CiStr (P 2 Q 2 ) + C^Str {PQPQ) ■ (B. 6 ) 

k =0 

For n = 5, we consider a c-number monomial p 3 q 2 and find that the coefficient C 2 decomposes into C 5 for P 3 Q 2 and 
C s 1 for P{PQ) 2 , C 2 = C\ + C \, so that 


Str (P + Qf = C \Str ( P 5 ~ k Q k ) + CgStr ( P 3 Q 2 ) + C^Str 

k =0 


P{PQY 


(B.7) 


For n = 6 , we consider a c-number monomial p 4 q 2 and find that the coefficient Cf decomposes into Cg for P 4 Q 2 , Cq 
for P 2 {PQ) 2 , and C\ for (P 2 Q) 2 , C| = C}- + Cl + so that 


Str (P + Qf = V Cg Str ( P 6 ~ k Q k ) + C^Str (P 4 Q 2 ) + CgStr P 2 {PQ) 


k =0 


C'l Str 


(■ P 2 QY 


(B. 8 ) 
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For n = 7, we consider a c-number monomial p 5 q 2 and find that the coefficient C 2 decomposes into Cj for P 5 Q 2 , C} 
for P 3 (PQ) 2 , and C] for P(P 2 Q) 2 , Cf = C} + C} + C 7 \ so that 


Str (P + Q ) 7 = C$ Str ( P 7 ~ k Q k ) + CjStr (P 5 Q 2 ) 

k=0 

+ C 7 Str |p 3 (PQ) 2 ] + Cy Str |p ( P 2 Qf 

For n = 8, we consider a c-number monomial p 6 q |2 and find that the coefficient Cf decomposes into C\ for P 6 Q 2 , C\ 
for P 4 (PQ) 2 , Cg 1 for P 2 (P 2 Q) 2 , and C'| for (P 3 Q) 2 , Cf = SCg 1 + Cj, so that 


Str (P + Q ) 8 = J2 ^8 Str (P 8 ~ k Q k ) + 6^Str (P 6 Q 2 ) 

/c—0 

+ Cl Str 


P 4 (PQ) J + ClgStr |P 2 (P 2 Q) J + C|Str [(P 3 Q) 

Proceeding by induction for n = 2k and considering c-number monomials p 2 ^ k ~^q 2 , we find that the coefficient C 2 k 
decomposes into C\ k for P^-DQ 2 , C\ k for P 2 ( k ~ 2 ) (PQ) 2 , C\ k for P 2 ^- 3 \P 2 Q) 2 .. ,C\ k for P 2 (p( fc ~ 2 ) Q) 2 , and C' 3 
for (P( fc - 3 )Q) 2 , C 2 fc = (fe - 1 )G\ k + Cl so that 


k — 2 


Str (P + Q) 2fc = £ C* fc Str ( P 2 k ~ l Q l ) + 0 2k £ Str 


P 


.2(fc—I — 1) / pi 


(P l QY 


1=0 

Cl Str 


;=o 


(p^qY 


k > 2 . 


(B.9) 


For n = 2fc+1, we consider c-number monomials p 2k 1 q 2 and hnd that the coefficient C 2 k+1 decomposes into C \ k+1 for 
P 2fc_1 Q 2 , C'.] fe+1 for P 2fc “ 3 (PQ) 2 , for P 2 k ~ 5 {P 2 Q ) 2 ,..., C 3 fc+1 for P 3 (p( fc “ 2 )Q) 2 , and C 3 fc+1 for P(P( fc - 3 )Q) 2 , 

C'lfe+i = ^fc+i’ so that 


fc -1 


Str (P + Qf k+1 = £ C l 2k+ iStr (P^-'Q 1 ) + C 3 fe+1 £ Str P 2 ^" 1 (p'q) 


;=o 


Z=0 


Formulae (IB. 91) . (IB.101) thereby prove Lemma [2] 


k > 2 . 


(B.10) 


B.3 Proof of Lemma H 

Due to the relations X A A = 0, we have 


Str(Q 1 ) = (Q 1 )l(-l) £A = 


(5A' Aq 


A„ = 0 . 


We also observe the following: 


SX A \ SX B \ SX A » SX B \ 

Str (Q 1 )-(Q 1 ) a ( 1) - —X a ^ A X b [ i) _ S(j)A X b X «( 1) 


Differentiating the relation X A °X lb = s ab Y A with respect to <j> A , we find 


SX 


Aa 


SX Aa 6 X Bb 


w I l X Bb 1—1 l es 4- 

5<j) B \ 5<t> A ) ' v 1 5(j) B 5(j) A 


+ £ 


ba 


SY A 

Up 


= 0 . 


Once again, using the relation A ' A A = 0, we have 


SX Aa SX Bb _ £ ab^ A 


5(j) B 54> A 


50 


A ’ 


(B.ll) 


(B.12) 


(B.13) 


(B.14) 
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whence 


(B.15) 


xy A SY a 

Str (Ql) = e ab j^X b X a (-1) EA = -^A 2 (-1) 6 " = 2Str (P) 


Relations (IB.111! and (IB.151) thereby prove Lemma |3] 

B.4 Proof of Lemma [4] 

Let us write down a chain of relations: 

pA _ v Aa a 

Pb ~ x W' 


' A tjA &D _ v Aa I <^A a_-^Bb\ ^b _ v Aa^,b ^b 


(p 2 ) b = p a p b = x' 


S^ 1 


54¥ 


= X Aa m\ 


a 54> B 


(P 3 )e = ( p X p s = JC-mi IE = M! 


b SX b 


hB ’ 


(ni = (p"- 1 ); ?s =(.n"- 2 >: (IE xD j W = xA " (ra ” _1) ‘ w 


whence 


Str (P ra ) = (P"tf (~1) £A = - K" 1 )^ = - K" 1 )' mf = - (m")“ , 

which thereby proves Lemma 2) 


B.5 Proof of Lemma [5] 

Let us consider the matrix 


inp) A — r> A pD _ f 1 \£a+i \ (X>X A SX \ y-u^SX d 
(QP) b = Q d P b - (-1) X a + Y -^jX ^ 


= (-1) EA+1 X a [e ab Y A + Y a (s b A“)] ee (Q 2 ) a + (-1) 


\ £ A+1 o^ba 


m ^ XaYA W ■ (R18) 

Since in the case of arbitrary X a there is no information on the symmetry properties of m ab = s a X b , we thus arrive at 
a new matrix: 

£ \ 

(B.19) 




(Q i 2 ) )i = (-lY A+1 m ba X a Y A ^ , 

which is not contained among the matrices P, Q. If we now consider the matrix Q 2 + acting on P, 

r S Xri 


(B.16) 

(B-17) 


(02 + Q 2 )d p b = (-D £A+1 X a ( Y A W + m ba Y S(j)D 


A 3 A“ , _bg v A SXb \ j^Dd dArf 


5<p 

SX d 


= (-1) £A+1 A 0 |Y A (s d X a ) + m ba Y A (s d A b )] 

= (-1) £A+1 m da X a Y A + (-1) EA+1 m d m ba X a Y A 


it follows that, 


(pi I /ulll'iA pD (D^\A I ( -I WA + l d ba \ -yA ^Xd 

W 2 + Q 2 )d^b ~ W 2 )b + \ P m b m A a r , 

so we have another new matrix: 


(Q^) A = (-l ) eA+1 m d b m ba X a Y 


ba \ \rA ^X d 


54> l 


(B.20) 

(B.21) 

(B.22) 
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Let us, once again, consider a similar construction: 


(QP + Q { 2 ] )dPE = 


\£A +1 \ ~wA ^Xb / \£A-f-l ^c^ba \ \rA 


(—1) EA+ m ba \ a Y / 


54> 


,D 


+ (—1) A+ m,( ) m ba \ a Y J 


SXr 

50 


D 


X 


Dd, 


8 X d 

50 B 


= (—1) EA+1 m ba X a Y A 


= (-1) EA+1 m d b m ba X a Y A ^ + (-1) EA+1 m d c m c b m ba X a Y A ££ = (Q. 


dXd , , , l£J +l m c m 6(n yA XX c Y Dd — d 

50 D 50 B 


XXb X Dd '"' a A- ( _1 Y' 4-1-1 m c m ba \ Y 

50° X 50 b+( ' b XaY 


5Xd 

80 L 


\£A + 1 ^.d^c^ba \ 


A SX d = /n (2) 


50 1 


Q { ?)b 


Generally, the above process leads to 


[Q { E ] + Q ( 2 +l] )P = Q ( 2 +1) + Q2 +2) , n> 0 , Q ( 2 0) = Q 2 , 


(B.23) 


(B.24) 


so that there emerges an infinite sequence of objects constructed by multiplication of the matrix with the elements 
to£ = s a Xb■ Using this observation and the fact that m ba X a = ( s b X a ) A a = — (s b X a ) X a = —m b A a , let us rewrite the 
above relations containing m ab in terms of m%: 

{QP) A b = (Q 2 )b + (-1) £A m b a X a Y A ^ = (Q 2 + qW)£ , 

(Q 2 + Q { ?)£PE = (-1) EA < XaYA ^E + (-!) EA rn d b m b a X a Y A ^ = (Q^ + Q {2) ) A , 

(Q^ + Qf)£PE = (-1) £A m d b m b a X a Y A ^ | + (-1) E " m^ c mlm b a X a Y A ^ = {Q {2) + Q (3) ) A , 


(Q ( 2 n) + Q { E +1 ) )EpE = (-i) £A (™ n+1 ) b a x a v A ^ + (-i) EA (™ n+2 ) b a xayA ^w = (Qi n+1) + Q ( 2 n+2) )£ > n > 0 , 

(B.25) 
(B.26) 


which implies 


(Q£°)b = (-1) EA (rn n ) a b X b Y A ^ , n > 0 , 


80 L 


Using the matrix Y = (Y b )£ given by 


SXa 


{Y b ) A = (-1 T A X b Y A jPP , (Y*)£ = (Q 2 )i , tr (Y) = Q 2 
we can represent the above sequence as follows: 

Q^ = tr ( m n Y) , n > 0 , 


(B.27) 


Hence, taking account of the property (IB.24I) . we have 

(Qi + Q 2 ) P = Q 2 + = tr (Y + mY) = tr [(e + m)Y] , 

(Qi + Q2) P 2 = + Q 2 2) = tr (mY + m 2 Y ) = tr [to (e + to) Y] , 

(Qi + Q2) P 3 = Q 2 ] + = tr (m 2 Y + to 3 Y) = tr [to 2 (e + to) Y] , 


(Qi + Q 2 ) P n = QE? 1} + Q ( E ] = tr (to™ -1 Y + m n Y) = tr [to" - 1 (e + m) Y] , n > 1 . (B.28) 

Recalling that Q = Qi + Q 2 , we finally have 

QP" = tr [to™ -1 (e + to) Y] , n > 1 , 
which completes the proof of Lemma [5] 


47 
















B.6 Calculation of Jacobian 

Let us consider a calculation of the quantity 3 on the basis of the relations (14.31) (14.141) . First of all, we have 


oo / 1 \n o / i \ n oo/^n 

9 = - V - 1 —Str (M n ) = Str (R) - V 4E-Str (P + Q) n - V ^Str (P + Q) n . (B.29) 


Tl 


n 


1=4 


Decomposing the summation number n > 4 into odd and even components, n = (2k + 1, 2k), k >2, we have, according 

to jED, m , 

3 

3 = Str (R) - Y ± -—Str (P + Q) n 

• ^ n 


k -1 


00 / n 2fc+1 ( 1 

- E 9 ,. , 1 E C 2 fe+ iStr (P 2k+1 ~ l Q l ) + C 2 Vi E Str p2(fe “° _1 ( P l QY 


2 k + 1 , 

fc=2 t Z=0 


Z=0 


k—2 


00 / f 1 

- £ EE 1 E C 2 fc Str (P 2k ~ l Q l ) + C\ k y Str P 2 ^^ (. P l Q) z + C^Str {P k ~ l QY 


2 k , 

k—2 k ;=o 


;=o 


whence 


3 / 1 \n oo/^>.nl .00 

9 = Str (P) - £ —Str (P + Qf - £ E C i Str 5 E Str [( pfc_1 Q) S 

n=l n— 4 Z=0 fc=2 


/c—1 


k—2 


k—2 1 =0 

It should be noted that 


EE Str p 2 ( fc -d-i (P Z Q)“ -^E Str P 2(fc_J_1) (P l Q) 


k—2 1 =0 


(B.30) 


(B.31) 


whereas 


/c-l 


k—2 


EE Str p 2 ( fc_ d-! (p l Q) = ^ Str P^^Q) + E E Str P 2(fc ~ 0_1 (P Z Q) 


k=2 1=0 


00 k—2 


k=2 


k=2 1=0 


k=2 1=0 


EE Str p 2 ( k ~ l )~ l (p*g) = Str P 2 ( 2 -°)- 1 (P°Q)“ + E E Str P 2(k ~ l) ~ l (P l Q) 


00 k—2 


k =3 Z=0 


k—2 


= Str (P 3 Q 2 ) + E S Str |p 2 (*-o)-i (p°Q) 2 J + E Str P^ k ~ l P 1 (P Z Q)^ 

fc=3 l Z=1 

00 00 k—2 

= y Str (P 2 fc - 1 Q 2 ) + 51 E Str [P 2(fe_ ' )_1 (P'Q ) 1 


k=2 

It should also be noted that 

00 k—2 


k =3 Z=1 


00 fc—2 


-EE Str p 2 ^-'- 1 ) (. p l Qy 


= —Str 


P 2( 2 -o~i )(poqy ~yysti p 2 ^- 1 )(p*q) 


Zc=2 z=o 


fc =3 z=o 


k—2 


= -Str (P 2 Q 2 ) ~ E 1 Str [P 2(fe_0_1) (P°Q) J + y Str |p 2 (*-l-i) (p l Qy 

k=3 l Z=1 

00 00 k—2 

= - y str (p 2 ^- 1 ^ 2 ) - e e str p 2(fc_i_i) ( p i q y 


k=2 


k= 3 Z=1 


(B.32) 


(B.33) 


(B.34) 
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From (IB.31I) . (IB.321) . (IB.331) . (IB.341) . it follows that 


3 OO / hnti 1 

9 = Str (P) - --—Str (P + QT - Y " — E C '" Str ( pn ~ l Q l ) 

n =1 n =4 l —0 


p(pfe- 1 Q) 2 _i(pfc- 1 Q) 5 


k—2 


+ E Str 

k=2 
oo k—2 

+ Y Y Str - p2(fc-z-i)^ (pig) 5 


OO 

+ 53 Str ( P 2k ~ l - P 2(fc_1) ) Q 2 


/c=3 1=1 


By virtue of (|4.6|) , 


- 53 ^7“ Str (p + = str ( p + Q) - Y 


(-If 


Str (P + Q) n , 


n=l 

3 


- ^ Str (P + Q)" = - Y ~—Str (P n + nP n_1 Q + C 2 n P n ~ 2 Q 2 ) , n = 2,3 

n—2 n—2 


we have 
3 


which implies 


3 / \n oo / -j \n 1 

- E ^ str ( p + Q) n E ^r- E ^str (p-'qo 

n=l n=4 /—0 


= - E ^ str ( pn ) - E ^ str Kp^q) - E ^ str K pn ~ 2 Q 2 ) 

n= 1 n=l n=2 

Consequently, using (IB.351) . we arrive at the representation 

o° /_i\)l 

s = - y -——str ( p ) n +» , 


(B.35) 


(B.36) 


r_ ii" 3 (I')" 3 

- 53 ^^Str (P + Q) n = Str (P + Q) - Y ^^Str (P” + C^P^Q) - Y ^^Str (C 2 P n ~ 2 Q 2 ) , (B.37) 

n—1 n—2 n=2 


(B.38) 


(B.39) 


where, in virtue of the obvious relations 

3 

- C 

n 


E ^7^ str K pn ~ 2 Q 2 ) = ^str (Q 2 ) - str ( QPQ) , 

oo 

53 (-1)” Str {P n ~ l Q) = -Str (Q) + 53 (-1) 71 Str (QP”" 1 ) 


(B.40) 


and, due to the property Str (AB) = Str {BA), we have 


3? = Str (P) - istr (Q 2 ) + Str (QPQ) + Str (Q) - 53 (-1)” Str (QP"" 1 ) 


Q[P k - 2 pfe_1 ) QP^ 1 


k—2 


53 Str 

k=2 
oo k—2 

53 E Str \9 ( p2fe ~' _1 - p 2k ~ i ~ 2 ) qp z ] . 

k =3 Z=1 


53 str [q (p 2 ^ 1 - p 2fc - 2 ) q] 


(B.41) 


49 




































Let us show that the quantity 5ft is zero. To this end, let us recall the properties (14.11) . (14.111) . (14.131) . (14.141) . 
Str (Qi) = 0 , Str (R) - -Str (Q{) = 0 , 

Q = Qi+Q 2 , Q 2 = tr (F) , QP n = tr [m” _1 (e + to) F] , n> 1, 
which imply the relations 

Str ( Q ) = Str [tr (F)] , 

Str (R) - ^Str (Q 2 ) = -Str [Qitr (F)] - ^Str [tr (F) tr (F)] 

and 

QPQ = tr [(e + to) Y] [Qi + tr (F)] , 

QP = tr [(e + to) F] , QP n ~ x = tr [m n ~ 2 (e + to) F] , 

Q [P k — (1/2) P k ~ 3 ] = tr [m k ~ 2 (m — e/2) (e + to) F] , 

QP k - x = tr [m k ~ 2 (e + m) F] , 

Q [P 2k ~ l - P 2fc “ 2 ) = tr [ m 2fe-3 ^ m 2 _ y] , 

Q (P 2fc “ z_1 - p 2k ~ l ~ 2 ) = tr [(to 2 * - ' -2 - m 2k ~ l ~ 3 ) (e + to) F] , 

QP* = tr [to* - 1 (e + to) F] , 

As a consequence, we arrive at the following representation of (IB.41[) : 

5ft = 5fti + 5ft 2 + 5ft 3 , 

where the contributions 5fti, 5ft 2 ,5ft 3 are given by 

OO 

!fti = Str [tr (F)] — (—1)" Str {tr [m n ~ 2 (e + to) F] } , 

n=2 

00 

5ft 2 = -Str [Qitr (F)] + Str {Qitr [(e + to) F]} + ^ Str {Qitr [ m 2k ~ 3 (to 2 - e) F] } , 

fc =2 

5ft 3 = — ^Str [tr (F) tr (F)] + Str {tr [(e + to) F] tr (F)} 

OO 

+ Str {tr [m 2k ~ 3 (m 2 - e) F] tr (F)} 

k—2 

00 

+ ^ Str {tr [m fc_2 (m — e/2) (e + m) y] tr [m fc_2 (e + m) Y] } 
k =2 

00 k—2 

+ y y str {tr [(TO 2fc -*“ 2 - m 2k - l ~ 3 ) (e + to) F] tr [to*" 1 (e + to) F] } . 

fc=3 1=1 

Notice that the operation tr enters 5fti, 5ft 2 linearly, whereas 5ft 3 contains the operation tr quadratically. Let 
that 5fti, 5ft 2 , 5ft 3 are equal to zero. 

The contribution 5fti, linear in the elements of the matrix F, reads equivalently 

OO 

5fti = Str [tr (F)] + Str ^ (—l) fc tr [?B fc-1 (e + to) F] = Str [tr (AF)] , 
fc=1 


(B.42) 

(B.43) 

(B.44) 

(B.45) 

(B.46) 

(B.47) 
us show 

(B.48) 
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where 


A = e + ^2 (~ l)* mk 1 (e + m) = e — ^ (— l) k m k + ^ (— l) fe m k = e — e = 0 . 
fc=1 fc=0 fc=l 

Therefore, the contribution Sfti vanishes identically, = 0. 

The contribution 3?2, bilinear in the elements of the matrices F and Q i, reads equivalently 

3?2 = —Str [Qitr (F)] + Str (Qitr [(e + to) F]) 

oo oo 

+ ^2 Str {Qitr [m 2fc_1 F] } — ^ Str {Qitr [m 2k ~ 3 Y] } = Str [Qitr (BY)] , 


where 


B = — e + (e + to) + ^2 m2k 1 ~ E m2k 3 = 0 


( 2k—1 /m 2fc—3 

TO — TO- 




TO 2fc 1 = — TO . 


Therefore, the contribution 5 R 2 vanishes identically, 5ft 2 = 0. 

The contribution 3 ^ 3 , quadratic in the elements of the matrix F, reads equivalently 


5)?3 = (1/2) Str [tr (F) tr (F)] + Str [tr (toF) tr (F)] 

OO 

+ J2 Str ( tr [H 2fc_1 - m 2k ~ 3 ) F] tr (F)} 

k=2 
00 

+ J2 Str { tr [(+ m k ~ 1 /2 - m k ~ 2 /2) Y] tr {(m k ~ l + m k ~ 2 ) F] } 
k—2 
00 /c —2 

+ E E Str l tr - ^ 2fc - z - 3 ) F] tr [(to '" 1 + to') F] } , 

k—3 1=1 

and therefore the expression for SR 3 has the structure 

00 

5ft 3 = ^2 ^ 3 ”^ > where Sftg^ = Str ag tr (m k Y) tr (m l Y) , n = k + 1 . 

n=0 k,l 

Let us examine the following contribution, taking into account the property Str ( AB ) = Str (BA): 

OO 

Str £ tr [(m fe -72 - m k ~ 2 /2) Y] tr [(to*" 1 + to*" 2 ) F] 
k=2 

, 00 00 

= -Str^tr (m k ~ 1 Y) tr (m k ~ 1 Y) — -Str J^tr ( m k ~ 2 Y ) tr (m k ~ 2 Y) 

2 fc=2 2 fe=2 

OO 1 OO 

= istr J2 tr (m fc " 1 F) tr (m fc_1 F) - ±Str ^ tr (m fc_1 F) tr (m fc_1 F) 

k=2 k=l 

= — ^Str [tr (m°F) tr (to°F)] = — -Str [tr (F) tr (F)] . 

Let us also examine the contribution 

OO 

Str ^ tr [(m 2fc - 1 — m 2k ~ 3 ) F] tr (F) = — Str {[tr (mF)] tr (F)} , 

k—2 


(B.49) 

(B.50) 

(B.51) 

(B.52) 

(B.53) 

(B.54) 
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where account has been taken of (IB.501) . As a consequence of (IB.531) . (IB. 541) . the terms of ?R 3 containing Str [(tr (F)) 2 ] 
and Str [tr (toF) tr (F)] are cancelled out, and therefore the expression becomes simplified: 

OO 

3?3 = Str ^ tr [(m fe_1 + m k ~ 2 ) Y] tr ( m k Y ) 
k= 2 

oo k— 2 

+ str £ 5> [(m 2 *-*- 1 - m 2k - l ~ 3 ) Y] tr [(m*" 1 + m l ) Y] , (B.55) 

fc=3 J=1 

which also means that formally starts with the second order in the elements of the matrix to. In more detail, let 
us examine the constituents of Jf 3 in their relation to the order n of expansion in powers of the matrix elements m^: 


k > 2 : 


tr (m k 2 F) tr (m fc F) 

tr (m k 1 F)tr(m fe F) 

n = 2k — 2 

n = 2k — 1 


k > 3 : (B.56) 


tr (TO 2fc - / " 1 F) tr (m i 1 F) 

tr (m 2k ~ l ~ 3 Y) tr (m^F) 

tr (m 2fe z 1 F) tr (m*F) 

tr (m 2k ~ l ~ 3 Y) tr (m*F) 

n = 2k — 2 

n = 2k — 4 

n = 2fc — 1 

n = 2k — 3 


For even degrees n = 2r: 


+tr ( m k 2 F) tr ( m k Y ) , 

to 

1 

to 

II 

to 

k > 2 , fc = r + 1 , 

r > 1 , 


+tr (m 2fc-i-1 F) tr ( m l ~ 1 Y ) 

to 

?$■* 

1 

to 

II 

to 

fc>3, k = r + 1 , 

r > 2 , l = l,...,r- 1 , 

(B.57) 

-tr \m 2k - l ~ 3 Y) tr (m^F) 

CM 

II 

1 

CM 

k > 3 , /c = r + 2 , 

r > 1 , l = 1,..., r . 


For odd degrees n = 2r + 1: 






+tr ( m k ~ 1 Y ) tr (m fc F) , 

2k — 

1 = 2r + 1 , 

k >2 , k — r + 1 , 

r > 1 , 


+tr (m 2k ~ l ~ l Y^ tr (m*F) , 

2k — 

1 = 2r + 1 , 

k > 3 , k = r + 1, 

r > 2 , l = l,...,r- 1 , 

(B.58) 

-tr (rn 2k - l ~ 3 Y) tr (m*F) , 

2k- 

3 = 2r + 1 , 

k >3 , fc = r + 2 , 

r > 1 , l = 1,... ,r . 


In the case n = 2 (r = 1) we have 






+tr (m fc_ 

2 F) tr ( m k Y ) , 

k = r + 1 = 2 , 



+tr (m 2fc 

- / - 1 F) tr (to* _1 F) 

, k = r + 1 = 2 , 

k ^ 3 , 

(B.59) 

— tr (m 2k 

~ l ~ 3 Y) tr (w}~ 3 Y) 

, fc = r + 2 = 3 , 

2 = 1, 


which implies 






3^ 2) = Str 


= 0, Tlf ] 

= tr (F) tr (?7? 2 F) — tr (to 2 F) tr (F) , 

(B.60) 


whereas in the case n = 2r > 4 we have 


^ 2r) = Str 


n 


(2k) 


= 0 , 


nf k) = 


tr (to^+^f) tr (rn^+^F) + £ tr (m 2 ^ 1 ^-^) tr (rn^F) - £ tr (m 2 ^ 2 ^-^) tr (m^F) 


Z=1 


i=l 


r—1 


+ tr (m r " 2 F) tr ( m r+1 Y ) + ^ tr (m 2r+1_! F) tr (m* _1 F) - ^ tr (TO 2r+1 “*F) tr (m* _1 F) 


1 = 1 


1 = 1 


= tr (m r 1 F) tr (m r+1 F) — tr (m r+1 F) tr (m r X F) , for r> 2. 


(B.61) 
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In the case n = 3 (r = 1) we have 


+tr (m k 1 F) tr (m fc F) , k = r + 1 = 2, 


+tr ( m 2k 1 1 Y) tr ( m l Y ) , k = r + 1 = 2, k ^ 3 
—tr ( m 2k ~ l ~ 3 Y ) tr (m*F) , k = r + 2 = 3, / = 1 , 


which implies 


r£ 3) = Str 


ft 


(3) 


= 0 , ftg 3 ' 1 = tr (toF) tr (?ti 2 F) — tr (m 2 F) tr (toF) 


(B.62) 


(B.63) 


whereas in the case n = 2r + 1 > 5 we have 


5?i 2r+1) = Str 


ft 


(2r+l) 


= 0 


fti, 2fe) = 


r—1 


tr (m (r+1)-1 F) tr (m r+1 F) + ^tr (m 2(r+1)-J-1 F) tr (WF) - J^tr (m 2(r+2)- * _3 F) tr (m*F) 


Z=1 


1=1 


+ tr (m r F) tr (m r+1 F) + tr (m 2r+1 *F) tr ( m l Y ) — tr (m 2r+1 *F) tr (m*F) 

i=i i=i 

= tr ( m r Y ) tr (?n r+1 F) — tr ( m r+1 Y ) tr (m r Y) , for r > 2 . 

Collecting the above results, we can state that 

sft<j 2r) = ^ 2r+1) = 0 , r = 0,1,2... , 
which implies that the contribution 5 R 3 is an identical zero: 

OO 

% = E 4 n) = 0 ■ 

n =0 


(B.64) 


(B.65) 


(B.66) 


B.7 Proof of Lemma [6| 

Let us suppose s a X a = —s 2 A with anticommuting s a and a certain even-valued A. Using the consequent nilpotency 
s“i • • • s a " = 0, n > 3, the obvious property s 2 A a = 0, and the general relation 

s a (ALB) = (s°A) B (-l) eB + A (s a B ) , 

we can write down identically 

s ai s“ 2 (A ai A„ 2 ) = (s ai A ai ) (s“ 2 A a2 ) - (s“ 2 A ai ) (s ai A a2 ) = (s a A a ) 2 - tr (m 2 ) , (B.67) 

s Ql s a2 s“ 3 (A Ql A Q2 A a3 ) = (s ai A ai ) (s“ 2 A Q2 ) (s a3 A Q3 ) + (s a3 A ai ) (s Ql A Q2 ) (s“ 2 A a3 ) 

+ (s“ 3 A a2 ) (s° 2 A ai ) (s ai A a3 ) - (s“ 2 A 02 ) (s“ 3 A 0l ) (s ai Aq 3 ) 

- (s Ql A ai ) (s a3 Aa 2 ) (s a2 Aa 3 ) - (s“ 3 Aa 3 ) (s“ 2 A ai ) (s ai A Q2 ) 

= (s a Xaf + 2tr (m 3 ) - 3 (s a A a ) tr (m 2 ) = 0 , (B.68) 


n—2 

S ai • • • (A ai ■ • • Aa n ) = (s a x a ) n + K n | 0 tr (ra n ) + ^ K n \ k ( s a \ a ) k tr ( m n ~ k ) = 0 , n > 3 , (B.69) 

k =1 

where K n j*., /c = 1,..., n — 1, are certain combinatorial coefficients, whose specific form is not essential here, and K n | 0 
is given by 

K n \ 0 = (n-l)\(-l) n ~ 1 . (B.70) 
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Indeed, the term (s a A a ) n is generated as follows: 


s Ql • • • s“ n (A ai • • • A a J = s“ 2 • • • s a ”s ai (A a2 • • • A a „A ai ) = (s“ 2 • • • s a "A a2 • • • A a J (s Ql A ai ) + • • • 

= (s ai A ai ) s° 3 • • • s a " s° 2 (A as • • • Aa n Aa 2 ) + ■ ■ • 

= J Q1 Aai) (s a2 Aq 2 ) S as • • • s an (A a3 • • • A a „) H- 

= (s ai A ai ) (s“ 2 A a2 ) • • • (s“”A a J + • ■ ■ = (s a A a ) + • • • , (B.71) 

whereas the term K n i 0 tr (raj can be traced back to 

S Q1 • • • S Q " (A ai ■ A a J = s° 2 • •• s Q "s Ql (A ai • • • AaJ (-1)"- 1 = (s ai A a J S a2 • • • (A ai • • • A (—l) n_1 + • • • 

= (s ai A a J (s an Aa n _! ) s“ 2 • • • S 0 ”- 1 (A ai ■ ■ ■ A an _ 2 ) (-l)"" 1 + ■ ■ ■ 

= (s Ql AaJ (s a "Aa n _!) • • • (s Q2 A ai ) (-I)" -1 + ■ • ■ , (B.72) 

and therefore, collecting equal contributions with the leading terms as above, we arrive at 
itjotr (raj = ^2 P (Ai- 2 ) = (n- 1)!A„... 2 , 

p 

A n ... k ...2 = (s ai AaJ (s^Aa^J (s^- 1 A a „_ 2 ) ■ ■ ■ (s 0 * +1 A Q J • • • (s a3 Aa 2 ) (s“ 2 A Ql ) , (B.73) 

where P (A„... 2 ) is an arbitrary permutation of the indices in A n ...2 corresponding to a n ,..., a 2 in (IB.731) . 

From (IB.671) . (IB.681) . it follows that the contributions tr(?n 2 ), tr(ra 3 ) are BRST-antiBRST-exact: 

tr (ra 2 ) = (s 2 A) 2 — ^s 2 (A 2 ) = — s 2 A 2 , (B.74) 

tr (ra 3 ) = 1 (s 2 A) 3 - 1 (s 2 A) tr (ra 2 ) = - (s 2 A) 3 + 1 (s 2 A) s 2 (A 2 ) = -s 2 A 3 . (B.75) 

Proceeding by induction in the general case n > 2 and assuming tr(raj, k = 1,..., n, to be BRST-antiBRST-exact, 
tr(m fc ) = —s 2 A*, we can now prove, by using the relation (IB.691) and the identity s ai ■ ■ ■ s“ n+1 (A ai • • • A a „ +1 ) = 0, the 
fact that 

n —1 

tr (ra n+1 ) = (-1)" K~l 1{0 (s 2 A) n+1 + £ (-l) fe K~l Mo K n+1]k (s 2 A) k (s 2 A„ +1 _ fc ) = -s 2 A n+1 , (B.76) 

fc=1 

whence the contribution tr(ra n+1 ) is also BRST-antiBRST-exact, which proves LemmajG] 

B.8 Proof of Lemma [7| 

Let us consider an odd-valued doublet ip a subject to the condition s a J, = 0. Making in (IB.741) (IB.761) the substitution 
A a = V’a, A = 0, ra = ra^,, we obtain 

tr (m%) = -is 2 (V> 2 ) , 

tr (ml) = 0 , 


tr (ml) = 0 , n > 3 , 


(B.77) 
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which proves the relations (14.271) of Lemma [7] This allows one to make an explicit calculation of the corresponding 
quantity 3, parameterized by the functional parameters (A, tp a ). Indeed, due to the relations 


tr(m A + m^)” = tr^C£/” k m^ , (to a )£ = s a s b A = 6%f , (m^)l = s a ip b 


(B.78) 


k =0 

the corresponding quantity ^ = 9 (A, reads 
i '- 2 


3 (A, V>) = In ( 1 - is 2 A ) + M (A, if,) , M (A, VO = £ hiL £ c£/"- fc tr (m*) 

The only nontrivial quantity tr(m^) ^ 0 amongst tr(m^) leads to 
M (A, ip) = -tr [(m^,)] + tr (m^,) ^ — C 2 /”- 2 1 /= _ 1 S 2 A 

n=2 

1 00 /I \ n 1 1 ^ 

= ^tr (ml) +tr (m|) ^ —-C ,2 /"“ 2 | /= _ is2A = -tr (m|) + -tr (m|) ^ (- 1 ) (fc + 1) / fc | /= _ 1 


fe=i 


J /=-^ 2 A 


(B.79) 


n=3 


k =1 


/=-is 2 A ’ 

(B.80) 


where 


5 


E (-1)" (* +1)*‘ = - E (-c* ***-■ = E (- 1 ) 

fc=l 

Therefore, 


k—2 


z v ^ k x k = --^- (1 + x) 1 -l-\-x = (l + x) 2 —1. (B.81) 
ax f—' ax L J 

k—2 


1 00 f_I N \ n 1 1 00 

M (A, VO = ~tr (m^,) +tr (m^,) ^- C 2 f n ~ 2 \ Lg2A = -tr (m^,) + -tr (m|) ^ (~l) fe (fc + 1) f k \ _ L 


n —3 


k =1 


= b tr ( TO b) 


00 

l+£(-l) fe (fc+l)/ fc 

= J tr ( m l ) 

[(-Hi 

k= 1 

/=-5* 2 A 



/=-|* 2 A 
(B.82) 


This result describes the contribution to S (A, ip) caused by the arbitrariness in the solutions of s a (A a — s a A) = 0, 
with a given A. This contribution is BRST-antiBRST-exact due to the fact that tr(m^) = — (1/2) s 2 (ip 2 ): 

M {A, ip) = s 2 N (A, ip) . 

The relations (IB. 791) , (IB.82[) prove (I4.28[) , which finishes the proof of Lemma [7] 


(B.83) 


B.9 Proof of Lemma [8| 

Let us examine the equation (14.291) . 

for an unknown functional A = A (A F, ip) and introduce the following notation: 

a° : ln 0 - r 2A ») = ia‘ 2AF • 

Js 2 ( % p 2 ) = 7l X=(l- ^ 2 a) = X 0 + AX , 

X S (!-^ A ) 2 ^ 1 „X„ = A»= Aif , (B.84) 
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whence follows a chain of relations: 


lnX — 7 X = ——s 2 AF , 
2 in 


In (X 0 + AX) - 7 (X 0 + AX) = — s 2 A.F , 

Zin 


In X 0 + In 1 + 


AX \ „ / AX 

xj~ 7 M 1+ — 


Xn 


" 2 ih s2AF ’ 


In 1 + 


AX 

x7 


= 7X0 1 + 


AX 

x7 


Let us introduce a new function, 


and the inverse function: 


ln£_fx) ; 

(l + x) 

■& (y) : ■& (9 (x)) = x , 0 ( 0 ) = 0 . 


Hence, 

which implies 

and ensures 

This implies 

Recalling (IB. 8411 . 


9 (AX/Xq) = 7X0 =» AX/Xo = 0 (7X0) => AX = X 0 • 0 ( 7 X 0 ) , 
X = X 0 + AX = X 0 + X 0 ■ 1? (7X0) = Xo [1 + 0 (7X0)] 

X (X 0 , 7 ) = X 0 [1 + 0 ( 7 X 0 )] =► X (X 0 ,0) = X 0 . 
lnX = lnXo + In [1 + 1? (7X0)] = ^s 2 AL + In [1 + $ (7X0)] 


X = ( 1 - -s 2 A 


we arrive at a chain of relations: 


In 1 - = — ——s 2 AF - - In [1 + 0 ( 7 X 0 )] 


4 ih 


1 - 


^s 2 A = exp ^-^s 2 Afj exp jin [1 + 0 ( 7 X 0 )] 2 j 


1- -s 2 A = exp ( -—s 2 AF) [i + 0 ( 7 X 0 )] 2 , 


whence 


s 2 A (AF, 7 ) = 2 jl — [1 + 0 ( 7 X 0 )] 2 exp [(i/AK) s 2 AF] j . 
In the case s 2 AF / 0, a solution A to this equation can be found as 

A (A = ^^{l- [1+ ^( 7 ^ 0 )]'^ exp [(i/4/i)s 2 Af 1 ] j , 
where it must be recalled that (IB. 841) 


(B.85) 

(B. 86 ) 

(B.87) 

(B. 88 ) 

(B.89) 

(B.90) 

(B.91) 


(B.92) 

(B.93) 

(B.94) 


Xo = exp 




56 








Let us now examine the case s 2 AF = 0: 


s 2 A = 2 |l — [1 + 1 ? ( 7 X 0 )] 2 exp \{i/4h) s 2 AU] | 
= 2{l-[l + tf( 7 )]-^} , 

whence there are two possibilities: 

7 = 0: s 2 A = 0 =>■ A = s a X a + s 2 A , 
7 / 0 : s 2 A = 2 |l — [1 + 1 ? ( 7 )] - ^ } , 


s 2 AF=0 


which, in the latter case, implies 


AW = ^i{ 1 - [ 1 + ” ( 7 ) r 1 L* 


1 W> 2 ) 


7 =is 2 (l/l 2 ) 


(B.95) 

(B.96) 

(B.97) 

(B.98) 


Summarizing the relations (IB. 941) . (IB.961) . (IB. 971) . (IB. 981) and the respective cases A = 0, s 2 [ip 2 ) = 0 of (14.291) . (IB. 941) . 
we have 


a) s 2 AF ^ 0 : A (AF, iP) = {l - [1 + ■& ( 7 ^ 0 )] 

b) s 2 AF = 0 , s 2 [ip 2 ) = 0 : A = s a X a + s 2 A , 

c) s 2 AF = 0, s 2 [ip 2 ) ± 0 : A [ip) = jl - [1 + 1 ? ( 7 )]“= } 

d) A (AF, ip) = 0 : -\s 2 [ip 2 ) =-^s 2 AF , 

e) s 2 [i’ 2 ) = 0, s 2 AF ^ 0 : A (AF, 0 ) = $$ [l - exp (^s 2 AU)] 

where the relations a), b), c) in (|B.99I) thereby prove Lemma [ 8 ] 


1 _ 1 

2 X n 2 


X 0 =exp(2^s 2 AF), 7 =is 2 (V' 2 


7=is 2 (b 2 


(B.99) 


B.10 Proof of Lemma H 

Using the property Str {AB) = Str {BA) for even matrices, we examine the quantities Str ( U n ~ l W) = Str ( WU n_1 ), 
n > 1 , where 

u \ p = x pa x a , q = (s Q r p ) x a , q , w p = ~l* 2 y p q = (s 2 r p ) q , 

and write down a chain of relations, taking account of A byP X pa = s a X b = m^: 

n = 2: (WU% = W p U r q = ^A 2 (s 2 P) r X ra X a , q = ^A 2 (s“s 2 r p ) A a , ? 

n = 3: (WW 2 )J = [WU) p r U r q = ^A 2 (s a s 2 r p ) [X a , r X rb ) X b , q = Ja 2 (s a s 2 r p ) m b A M , 

n = 4: [WU 3 ) P q = [WU 2 ) P U r q = \x 2 (s a sV) m b (A b , r A rc ) A c , 9 = ^A 2 (s a s 2 P) (m 2 )|; X b , q 


n> 2: (M’*- 1 ); = [WU 2 ) P U r q = \x 2 (s“s 2 r p ) (m"- 2 )|; A M , 

whence 

Str [U n ~ x W) = [WU n ~ 1 ) P p (-l) £p = Ja 2 (s Q s 2 r p ) [m n ~ 2 ) b a X b , p (-1) 6 ' = ~X a , p (m”- 2 )“ (s b s 2 r p ) A 2 , 
which thereby proves Lemma [9] 


(B.100) 


n > 1 , 
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B.ll Proof of Lemma 1101 


Let us establish the relation (14.691) between the matrices Vi and W in m- To do so, we use the generating 
equations (12.551) and represent the condition of invariance of the integrand Xp F J in (12.531) under the BRST-antiBRST 
transformations 5T P = (s a T p ) /x a = X pa fi a in the form, being a reformulation of (12.641) . 


S F , p X pa = iHX p p a , where X pa = -A a S . 


Let us write down identically: 


Str (Vi) + Str (W) - -Str (V?) = 




(-l) £p 


= * P P a X a - i (-lp ^T p p - \xpxfe h0 ^ A 2 . 


Considering 

y p P - \xpxf £ha = ±e ba (x%X*> (-l)- ( ^ +1) + X p "Xf) - \e ba xpxf 

= ^£ ba (X^X* (-1 + X Pa X ,b _ X pa x qb^ = }_ £baX pa xqb ( _ 1)Ep 

we arrive at 

Str (Vr) + Str (W) - ^Str (V 2 ) = X p p a X a + ^s ab X p p a q X pb A 2 , 

where (IB.1011) implies 


xp = - A a S , X pa q X qb = - (A a S) p X pb = -s b (A a S) , where G, p X pa = G, p (s Q P) = s a G . 

Hence, 

Str (Vi) + Str (W) - ^Str (V?) = - (A a S) A a - J (s a A a S) A 2 , 
which thereby proves Lemma flT)l 


(B.101) 

(B.102) 

(B.103) 

(B.104) 

(B.105) 
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